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On two-dimensional inertial flow in a rotating 
stratified fluid 


By A. R. ROBINSON 


Pierce Hall, Harvard University 
(Received 7 June 1960) 


An inviscid fluid is bounded above by a horizontal plane and below by finite- 
amplitude ridges. The fluid is rotating and stratified. A uniform transport is 
forced across the ridges at small dynamical Rossby number, although the 
boundary conditions are such that motion cannot remain geostrophic. The most 
significant parameter is found to be a thermal Rossby number based upon the 
vertical density difference and both vertical and horizontal length scales, but 
independent of the transport. Conditions determining whether or not effects 
of the bottom topography will penetrate vertically throughout the fluid are 
discussed. Some numbers characteristic of flow in the deep ocean are presented. 


1. Introduction 
The constraint imposed upon the motion of a fluid relative to a system of 


rotating co-ordinates is such as to inhibit variations of velocity in the direction 
of the rotation vector. Let this be the vertical direction. Then the slow, steady 
motion of an inviscid fluid consists of a geostrophic balance between the hori- 
zontal pressure gradient and Coriolis accelerations, while the vertical pressure 
gradient remains in hydrostatic equilibrium. If the fluid is of homogeneous 
density, vertical variation of the velocity is completely prohibited; if inhomo- 
geneous, the vector product of the rotation and the vertical gradient of the hori- 
zontal velocity must equal the horizontal gradient of the differential gravitational 
force. The field of motion thus restricted can satisfy only very special boundary 
conditions. In particular, it may not be consistent with the physical require- 
ment of zero normal velocity upon an arbitrary rigid surface. In such a case, if 
the motion is to remain steady, the velocity or velocity gradient must become 
large, at least somewhere in the flow. Thus a boundary condition inconsistent 
with the strongly rotationally constrained motion is in the nature of a singular 
perturbation on the flow. As such, boundary effects may be confined, and thus 
only of local interest, or they may be of importance everywhere throughout the 
fluid. 

The essential features of the mean flow in the deep sea have been discussed in 
terms of a theoretical model which is geostrophic and hydrostatic, and which 
indicates that the horizontal and vertical velocities are of the order of 10-? and 
10-5em sec-!, respectively (Robinson & Stommel 1959). The vertical velocity, 
although extremely small, is considered to control the mean flow below the main 


thermocline (Stommel & Arons 1960). It is thus of importance to consider other 
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mechanisms, not included in the simple theoretical model, capable of producing 
vertical velocity in the deep sea, and to inquire into their effect upon the mean 
flow. It is particularly relevant to do so now that direct velocity measurements 
at great depths have become possible by means of a neutrally buoyant float which 
may be tracked audibly for many months (Swallow 1957). The simple mechanism 
considered here is that of two-dimensional bottom topography. 

We consider the motion of a fluid, which is bounded above by @ horizontal 
plane and below by very long ridges, past which a uniform transport is forced 
at small Rossby number. Since the fluid is inviscid, the upper boundary could 
equally well be a free surface with very small gradients. First, we consider the 
topography to be neither steep nor high, resulting in flows of a type first discussed 
by Queney for application to the atmosphere (see, for example, Corby 1954), our 
results differing because of the boundary condition associated with finite rather 
than infinite vertical extent. The results of the linearized analysis are then used 
to infer an appropriate finite-amplitude model. The basic difference between the 
problem considered here and that of atmospheric lee waves is that rotational 
effects are here considered dominant rather than negligible. This is because the 
relatively weak oceanic flows correspond to a much smaller Rossby number for 
a given topographic scale. The inviscid results are of some interest for the general 
theory of rotating fluids, as departures from geostrophy dominated by frictional 
processes have been more intensively studied. 


2. Formulation 

Consider the steady motion of a fluid relative to a rotating co-ordinate frame 
in which the rotation vector Q is anti-parallel to gravity. By assumption, all 
processes which diffuse momentum and heat are to have negligible effect on the 
features of the flow to be considered, i.e. if the flow is turbulent, the mean fields 
are assumed to be essentially independent of turbulent transfer. The equation 
of state of the fluid is taken to be a linear dependence of density on temperature 
only; furthermore, the thermal expansion coefficient « is taken to be identically 
zero except when coupled with the gravitational acceleration g. Consistently, 
the ratio of centrifugal to gravitational accelerations is assumed vanishingly 
small. In summary, we consider, under the Boussinesq approximation, an ideal 
fluid which is subject to Coriolis accelerations. 

The equations of conservation of momentum, mass and heat take the form 


v’.V’v' + 2Qk x v’ —ag7"k + po! Vp’ = 0, (2.1) 
Vv’ .v’ =O, (2.2) 
v’ .V'Z" = 0, (2.3) 


, 


where (w’,v’,w’) = v’ are the velocity components in the (z’, y’,z’) directions, 


T’ is the temperature, p’ is the pressure minus the hydrostatic pressure due to 
the mean density fo, and k is a unit vector in the vertical z’-direction. 

The fluid is taken to be of finite vertical extent, but unbounded horizontally. 
The upper rigid surface is taken to be the horizontal plane 2 = h, a constant; 
the lower rigid surface is taken to be a function of one horizontal co-ordinate, 
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z = Bly’). For convenience, this surface is placed so that the horizontally 
averaged value of B is zero. The corresponding kinematic boundary conditions 


_ w'(x’, y’,h) = 0, (2.4) 
‘ , , , dB , , ‘ , = 
w'(x',y’, Biy’)) = a (x’,y’, Bly’). (2.5) 


The influence of these conditions on the flow is to be the primary object of study. 

Fluid motion is to be maintained by an external pressure gradient which forces 
a net transport in the y-direction which is everywhere uniform and equal to 
V,h. Because of the rotation, the horizontal pressure gradient which drives the 
motion must be in the z’-direction, i.e. perpendicular to the direction of the 
transport. We shall consider, however, only two-dimensional responses to the 
driving force, fields of velocity and temperature which are uniform along the 
ridges. Formally, let 


Pp’ = po2QV[2’ +k ply, z)], (2.6) 
v’ =KRv(y’,z), (2.7) 
I” =T,.T(y',2’), (2.8) 


where k is the wave-number, or inverse of the characteristic scale, of the bottom 
surface, and 7), is the total temperature difference between the upper and lower 
surfaces. The fluid is taken to be stably stratified. Correspondingly we require 
the non-dimensional temperature 7’ to be +4 on the top and bottom surfaces, 
respectively. If dB/dy’ = 0, there would be a geostrophic flow, v = 1, u = w = 0, 
independent of the thermal structure. We are, therefore, considering the two- 
dimensional modification due to bottom topography of an otherwise barotropic 
flow (for p, 7’). However, since dB/dt’ + 0, the actual flow will be baroclinic. 

Introducing the non-dimensional independent variables y = ky’, z = h-}z’, 
and isolating the functional form of the lower boundary from its amplitude by 
setting B(y’) = b)b(y), where 6 has unit amplitude, we substitute (2.6—8) into 
the equations and boundary condition (2.5). The equations, which now expose 
the relevant non-dimensional parameters, become 


e[vu, +Awu,]-—v+1 = 0, (2.9) 
e[vu, + Awv,]+u+p, = 9, (2.10) 
e[(A—lvw, + ww,] —TT + ep, = 9, (2.11) 
v, + Aw, = 0, (2.12) 
oT, + AvT, = 0; (2.13) 
and the boundary condition becomes 
w(y, Bly) = oF v(y, Bb(y)). (2.14) 
Here, we have defined 
€ =VYk(2Q) an inertial parameter (dynamical Rossby number), 
tT = agT,hk?(2Q)-* a rotational-stratification parameter (thermal 


Rossby number), 
21-2 
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and the geometric parameters 


A =(kh)- the horizontal-to-vertical scale ratio, 
B=b ,h- the topographic height, 
6 = bok the topographic steepness. 


Of the last two, only one is independent, but it is useful to define them both. 

The apparent direct measure of all non-linear effects is the dynamical Rossby 
number ¢, as b(y) appearing in (2.14) is a given function. However, even if ¢€ is 
small, an ordinary perturbation expansion cannot be made about the non-linear 
terms, for, as can be seen from (2.9) and (2.12), all vertical variation in v and w 
is prohibited in the geostropic first approximation. Thus a singular perturbation 
expansion is necessary; to overcome this constraint, large velocities or velocity 
gradients must occur somewhere or everywhere in the flow. 

The problem can, however, be consistently linearized with respect to the 
topographic steepness parameter 6, for as the gradient of the bounding surface 
vanishes no vertical variation in the flow is necessary. In order to gain insight 
into the role of the various parameters, we shall first treat this linearized problem. 
This will be of particular value because the parameters are numerous, and the 
uniform validity of an approximation in one must be strictly limited in terms 
of the others. The information obtained from the linearized problem will then 
be used to develop a useful finite-amplitude approximation. 


3. The linearized problem 


With the assumption that the topographic gradients are not steep, d < 1, 
an ordinary perturbation expansion of the form 


v=1+ 50%, T=(z-})+ DOT, | 


n=1 n=1 
>) re oo (3.1) 
u= > ou,, w= Fw, p= J snp, | 
n=1 n=1 n=1 


can be made. Note that the basic temperature field is taken to have a constant 
vertical gradient, although any function of z alone is consistent with the expan- 
sions. The contributions of order 6 to equations (2.9-13), the equations for the 
first-order fields, are 


EU,, —V, = 9, (3.2) 

EV, +Uy + Pry = 9, (3.3) 
€A-1w,, —TT, + €p,, = 9, (3.4) 
Vy +Au,, = 9, (3.5) 

T,, + Aw, = 0. (3.6) 


Cross-differentiation yields the equation for a single function, for example, 
w,, which is 


w, = 0. (3.7) 
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The first-order statement of the kinematic boundary condition (2.14) reduces to 
a condition on the vertical velocity alone 


db 
w,(y, Bo(y)) = dy’ (3.8) 


The problem becomes particularly simple if the further and independent 
assumption is made that the topographic height is small, # < 1. This is equi- 
valent to assuming that A < 6-1. Now a power series expansion of (3.8) may be 
made about z = 0, and, if only the first term is retained, the condition becomes 
w,(y, 0) = db/dy. Simple separated solutions of (3.8) are now possible. Further- 
more, we shall be concerned only with the particular solution of (3.9), and not 
with the freedom associated with the high y-order. Since the problem has been 
linearized, the Fourier modes of the bottom surface may be considered separately. 
The equations separate with the horizontal component of the flow across the 
ridges, the pressure, and the temperature in phase, and the horizontal com- 
ponent along the ridges and the vertical component of the flow out of phase, with 
the bottom. As an example, consider }b = siny, the wavelength being already 
contained in A. The corresponding vertical solutions of (3.7) are 


melges)) 


Note that the qualitative behaviour of the solutions depends strongly on the 
relative sizes of 7, ¢, A. To demonstrate this, two limiting cases are discussed 
below, both for weak basic flow, e < 1. Thuse? will be neglected in the denominator 
of the radical in the argument of the exponential. This corresponds to neglecting 
the inertial term in (3.3). In the first case the fluid is to be homogeneous, in the 
second, to be effectively strongly stratified. 


Casel. e<€1,7T=0 


The solutions satisfying the prescribed conditions on the vertical velocity are 


u, = 2084 cos €A-1(1 —z) oe _esiny cos €A-}(1 —z) 
: sin eA-} os sin eA-} , 
cos y sin €A—}(1 —z) Asin y sin €A—}(1 —z) : 
,=— ; , =- ; ; 3.9 
"7 sin €A-} am sin €A-} f 


sin y cos €A—}(1 —z) 


as sin eA-} 





In this case the solutions are in the form of inertial waves of natural vertical scale 
Ae“! = (2Q) (Vjk2h)-1. Therefore the influence of the bottom topography pene- 
trates throughout the homogeneous fluid, even though the topography is not 
steep or high. If the natural scale is much smaller than the geometrical scale, 
A < €, many oscillations occur between the top and bottom surfaces. The appear- 
ance of sin ¢A- in all denominators indicates possible resonance with arbitrarily 
large amplitudes as cA-! + nz. Large gradients and amplitudes strongly restrict 
the validity of the initial expansion. Furthermore, eigenfunctions of the homo- 
geneous problem, w(0) = w(1) = 0, exist and may be added to the solution with 
arbitrary amplitude. 
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If the natural scale is much larger than the geometrical scale, A > e, less than 
one oscillation occurs; in the limit as eA-! vanishes, u,, v,, p, are independent 
of z, while w,, 7, vary linearly. The only appearance of ¢ which remains is in the 
amplitudes of uw, and p,, which are O(e—!A); a large flow along the ridges overcomes 
the rotational constraint. Explicitly, retaining the first two terms in the expan- 
sion of the cosine and the sine, we find 


U, ~ cosyfeA + eA — 3(1 —z)?]}. 
[t should be remarked that the actual large vertically-constant velocity given by 
the first term is independent of the basic velocity, i.e. 

uy ~ Wye Acosy = 2Qh"k-* cos y. 

The fact that the flow along the ridges becomes very large suggests that major 
modification of the flow might occur if the fluid were finite instead of infinite in 
this direction; boundary conditions upon u might significantly alter the motion. 
To investigate this effect we have considered the flow in an infinite channel with 
a wavy bottom, i.e. the same problem as above but containing the fluid in 

-4<x2=2'/d < 4. The three-dimensional operator which now replaces (3.7) 
with 7 = 0 is Ao A277 22 a2 | 

6 c” ‘ c, o 9 Oo © 
(,2 (kd)? — + +7 +A? a, w, = 0, (3.10) 
\" | Ox?’ dy | 
and the solution for u, after the satisfaction of all boundary conditions is, 
for € € 1, 


(3.11) 


| sineA-! mai ft? cosu(d/2h) 
f faa \ed 


af ("=") - ] 
where p= | - rok 


The solution is seen to be that of an inertial wave in the x-direction also, the effect 
of the side walls penetrating throughout the fluid, and additional resonances 
being indicated. Taking the limit of eA-! < 1, as above, we find that 


— FO cn eA-l(z — 1) eo - ve < cos pu(d/h) x cos |. 


Uy ~ cos.yfea-1| —(1-—2)?+2 ¥ 


cos (m7/e) (d/h) x cos m7z])_ 
ma (mr)? cos (m7/e) (d/2h) 


i; 
the large, O(e—!A), contribution has entirely disappeared. What has happened is 
that, in the presence of p,,, the fluid tends to remain geostrophic, but not hydro- 
static; large pressure gradients overcome the rotational constraint now that the 
velocity component across the direction of the transport has been restricted. 


Case II. € <1, 7 > (eA) 


The appropriate approximate form of the solutions to (3.2—6) are now 


‘ Ar} cosh 7}(1 —z) Ar} sin y cosh 7}(1 —2z) ) 
t= COs y - , ¥W=- - : 
: sinh tr} sinh 73 
cos y sinh 73(1 — z) Asin y sinh 7}(1—2z) 
w, = ae T, =- eae > @2m 
sinh 7? sinh T? 
Ar} sin y cosh 7}(1 —2z) 

| i ; . 1 

€ sinh 7: 
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The solutions are no longer inertial waves, but contain a natural length scale 
based upon the thermal Rossby number 7 only. The remaining role of the 
dynamic Rossby number ¢ is to set the amplitude of uw, and p,. The flow remains 
hydrostatic and departs from geostrophic only in the first equation of motion. 
The non-dimensional velocity components across the ridges and in the vertical 
are similar in 7 alone, i.e. independent of V). If the natural length scale is larger 
than the geometrical scale, rt < 1, the first-order fields fill smoothly the entire 
region between the upper and lower surfaces. If, however, the natural length 
scale is smaller than the geometrical, 7! > 1, the first-order fields become 
essentially confined within a region above the bottom surface, the width of which 
decreases with increasing 7. Thus when 7? > 1, the response to the bottom topo- 
graphy is an entirely local effect, the flow field and temperature modification 
occurring in a narrow boundary layer. In this interesting limit, the functional 
forms of the solutions (3.12) may be approximated by 


sinh 73(1 —2z) cosh 73(1 —2z) onthe (3.13) 


sinh 73 sinh 7} 


It should be noted, however, that in this boundary layer the horizontal velocities 
become very large, increasing as 7; uw, is also large as e~!, and the vertical, 
gradients are large as well. Thus severe restrictions again occur on the range of 
validity of the ordinary perturbation expansions in the topographic steepness 
and height, 6 and /. 


4. The finite amplitude problem 
The mathematical model and analysis 


Of the results of the linearized analysis, those of Case II hold the greatest 
interest for possible oceanographic application, where the dynamical Rossby 
numbers and the vertical-to-horizontal scale ratios are usually small, and the 
pressure tends to remain essentially hydrostatic. Furthermore, even if the 
vertical temperature gradient is only one degree in a thousand meters, the 
thermal Rossby number that we have defined will be large for topographic length 
scales up to about a 100 km. Thus the final result of an inertial-thermal boundary 
layer is most pertinent, but, as mentioned above, the large velocities and velocity 
gradients that occur limit the validity of the expansions to extremely small and 
smooth topographic elements. 

To examine the limitations imposed, we consider the order of magnitude of 
terms neglected in equations (2.9-14) in arriving at the approximate solutions 
obtained by inserting (3.13) into (3.12). Note that u,, p,, are O(Arte—), v, is 
O(At}), w, is O(1), T, is O(A), and ¢/éz is O(7*). Two types of terms have been 
neglected, second (and higher) order terms of the initial d-expansion, and terms 
omitted because of subsequent assumptions made concerning ¢, 7 and A (or /). 
Terms of the latter type will be designated type A, and those of the former, type B. 
The order of magnitude of the first neglected terms of these two types, relative 
to the magnitude of the retained terms, are tabulated as follows for the first, 
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second, and third momentum equations, the heat equation, and the kinematic 
boundary condition, in that order. 


equation no. (2.9) (2.10) (2.11) (2.13) (2.14) 
type A none é At oe none dArt 
type B dArt dArte? dA-11-4e2 bArt dArt 


Recall that the conditions for validity of the solutions are roughly 6 < 1, € < 1, 
T > 1 and A < 6 but A > er. It is seen, therefore, that, except in the kine- 
matic boundary condition (2.14), the approximations leading to the omission 
of terms of type A impose no new restrictions; they are good approximations for 
this range of parameters, even in the boundary layer. However, terms of type B 
in equations (2.9), (2.13), and both terms of (2.14), require that 6AT} < 1, a 
strong restriction on the height or steepness of the bottom topography. The 
terms in (2.10) and (2.11) require nothing new. These results may be summarized 
by noting that more terms of the same type as those that have already con- 
tributed to the boundary-layer solutions become more and more important as 
the topography becomes larger or steeper, but terms which have not contributed 
(i.e. the inertial terms in the second and third momentum equations) continue 
to be negligible. 

The preceding discussion suggests the following approximate non-linear model 
as appropriate for the range of parameters under consideration. The fluid motion 
is assumed to remain geostrophic in the horizontal direction normal to the 
gradient of the bottom surface, and the pressure is assumed to remain hydro- 
static, but the full non-linear terms in the first momentum equation and the heat 
equation are to be retained, and the kinematic boundary condition is to be 
satisfied exactly. Returning to equations (2.9-13), these assumptions are forma- 
lized by assuming ¢ < 1, and expanding in this parameter after recognizing 
that the leading contributions to u and p are O(e—!), while the leading terms for 
the other fields are independent of ¢. Defining 


H=eUu, 7 =Ep, (4.1) 
and introducing a stream function for v and w because of the two-dimensional 


form of (2.12) as ; 


ae We w= ie (4.2) 


substituting these expressions into (2.9, 10, 11, 13), and neglecting contributions 
O(e?), we find that the approximate equations are 


We by —Wyltz-Y,+1=9 (4.3) 
e+, = 9, (4.4) 

—7T +7, = 0, (4.5) 

wT, —Y,T, = 9. (4.6) 


Furthermore, the pressure can be easily eliminated between (4.4, 5), and these 
equations replaced by the simple (thermal wind) relationship 


HM, +7T, = 0. (4.7) 








0 
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The boundary condition (2.14) is now satisfied exactly by requiring the bottom 
surface to be a streamline; unit transport in the positive y-direction is taken as 


vy, 1) = 0, W(y, Bb(y)) =-l. (4.8) 


The problem that has been posed may be solved most simply by a trans- 
formation of independent and dependent variables, which is suggested both by 
the form of the equations and by the nature of the boundary conditions. The 
variables z, 4, J’ are now considered as dependent, and y, y as independent. 
Under the condition (¢y/dz),, + 0, with subscripts hereafter referring to partial 
differentiation with respect to the new set of independent variables, (4.3, 7, 6) 


transform to fy +%y—1=0, (4.9) 
by —TT, zy = Q, (4.10) 
T, =0. (4.11) 


An additional term containing a factor 7; appears in the direct transformation 
of (4.7) into (4.10), which is zero in virtue of (4.11), i.e. since the temperature is 
dependent upon the stream function only. 

Integrating (4.11) in the form T = ¢(y), extracting a particular solution by 


defining ¢ = z—y—1, substituting into (4.9,10), and eliminating yw by cross- 
differentiation, yields the basic equation 
Cyy THY) Cyy = 0, (4.12) 
which must be solved together with the boundary conditions 
£(0,y) = 0, &(—1,y) = fbly). (4.13) 


Cast in this form, the non-linear problem is seen to have a remarkable property, 
viz. both the basic equation (4.12) and the boundary conditions (4.13) allow 
simple separation and solution by Fourier superposition. Thus if, 


b(y) = | ~ by evi dn, (4.14) 
then ciy) = | falyetmrdn, (4.15) 
where fi—tnt'(v)f, = 9 (4.16) 
and fn(0) = 9, fr(—1) = by. (4.17) 


Arbitrarily shaped, finite-amplitude bottom topography may be analysed in 
terms of its component Fourier modes, and the flow (i.e. the position of a stream- 
line) obtained by solving a linear ordinary differential equation, which will, 
in general, have a non-constant coefficient. 


Discussion 

To illustrate the method, and to obtain qualitative features of the results, 
the single mode b = sin y will again be considered. To proceed we must, of course, 
first determine the functional relationship between the temperature and the 
stream function. In this case we do so by requiring the temperature to reduce 
to a linear function of z alone when the topography becomes vanishingly small, 
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f£ - 0. In other words, we pose the same problem as was posed in perturbation 
form in §3 above, and the results must agree in the range of overlap of validity. 
This is seen to require ¢(y) = +4. Thus ¢’(y) = 1, and the equation corre- 
sponding to (4.16) has constant coefficients and simple exponential solutions. 
This is, of course, analytically the simplest problem of its type. In general, the 
functional relation between 7 and yw must be obtained by specifying both 
quantities as functions of z at some value of y. The solutions for the case con- 


sidered are ; ; 1, 
sin y sinh rT? 





z=1+y-f : 
_—s sinh 7} 
sy cosh Ty 4.18 
n= pr —— iT?y , ( ) 
sinh 7} 
T=y+} 
1-0 y=0 














FicurE 1. Streamlines for / = }, 7 = 4, € 


A 


The character of the solution may be seen in figure 1, where the streamlines are 
plotted for 8 = 4. and 7 = 4. There is a symmetrical (about the crest and trough) 
distortion of the streamlines by the wavy bottom, which decreases towards the 
straight upper surface streamline. 

For a fixed /, as 7 increases, essentially straight streamlines obtain in a shorter 
distance above the bottom surface, i.e. the boundary layer over the crest, which 
may already be seen forming in figure 1, becomes narrower, and the flow over the 
crest becomes more rapid; correspondingly there is less distortion, and therefore 
less transport, in the trough. In this range, therefore, topographic effects in- 
fluence the flow only locally. However, the behaviour for large 7 ultimately 
limits the applicability of the theory, i.e. a relatively high crest blocks the flow 
when the fluid is effectively strongly stratified. The mathematica! expression of 
this limitation is that z ceases to be a monotonic function of yw, and thus the 
solution ceases to have physical meaning. From (4.18) 


51... coshrhy 
zy = 1 — rt sin y — sc 
sinh 73 








th 
se 
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the second term is largest at y = 47 (the crest), and the condition for validity is 
seen to be 


frictnhr? <1; or, approximately #<7-? for 7>1. (4.19) 


To overcome this constraint, additional inertial accelerations, from the 
second or third momentum equations, must become important, at least in a 
limited region near the top of the crest. Solutions (4.18) may possibly remain 
valid away from y = 37, and an inertial boundary layer, dependent upon both 
€ and 7, govern the flow in a limited region near the top of the crest. Further 
consideration suggests, however, that solutions (4.18) may not be physically 
realized as condition (4.19) is approached, because the flow may become therm- 
ally unstable as the isotherms become steeply tilted. The preferred flow would 
conceivably consist of all the transport occurring in a warmer upper layer. 
Perhaps the greatest usefulness of condition (4.19) is as a criterion for the design 
of a critical experiment, increasing 7 towards /-? for various e. Since 7 depends 
upon Q, and € upon Q and \;, the variations could both be made mechanically. 

Returning to a consideration of (4.18) and figure 1, for fixed # and decreasing 
7, the topographic effects are seen to influence the flow everywhere. The solu- 
tions take particularly simple form when 7 is much less than one, but still large 
enough for the fluid to remain hydrostatic. Expanding the functional form of the 
solution in this range and dropping terms O(7), we find 


z~1+(l1—-fsiny)y, w=eu~ Poosy. (4.20) 


Thus the remaining role of 7 is merely to determine the vertical distribution of 
pressure; buoyancy effects no longer influence the fluid motion. A large, O(e—"), 
vertically constant cross-flow again overcomes the rotational constraint. If the 
basic vertical thermal gradient, T,h-', and the rotation, Q, are fixed, the limit 
of small 7 is associated with small wavelengths. To retain geophysical pertinence 
in the results as the horizontal topographic scale becomes large, account must be 
made for the variation of the effective rotation with latitude if y is a north-south 
co-ordinate. A variable Coriolis parameter may be introduced by replacing the 
constant Q in (2.1) by Q(1+«wy), where w measures the variation of the Coriolis 
effects with respect to the horizontal scale of the topographic elements. The 
solutions replacing (4.20), in terms of the general lower surface, are 


z=1+(1—/fby))Y, w= | [Ab(y) — wy + wpyb(y)) dy. (4.21) 


Note that there is no change in the stream function for v, w, and that the variation 
of the Coriolis parameter and general bottom shape are symmetrical effects in 
their influence upon w. This is understandable, in that the variation of the 
Coriolis parameter is an expression of the curvature of the earth relative to the 
effective rotation vector (the component parallel to gravity). 

If 7 is not small, but w effects are still important, the problem is not intrinsic- 
ally more difficult, although it becomes more complicated analytically. ¢ must 
now be written as a sum of terms of the form ¢, = 9,(y)f,(w), where f,, still 
satisfies (4.16), and g, satisfies a Bessel equation, g’ +n?(1+wy)g, = 0, the 
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solutions of which must be used to expand b(y). The geophysical interest in this 
range is slight, as the conditions imply an excessively strong stratification. 

To summarize the applicability of the qualitative results to the flow in the 
deep sea, numerical values of the parameters that are characteristic of oceanic 
conditions below the main thermocline are presented. The numerical values, 
computed for T, = 5°C, a = 2x 10-4 (°C)-!, 2Q = 10-4(sec)-1, A = 5 x 10° em, 
are given in the following table. 


V, (cm sec-!) k (em-!) € T 7+ 
1 2x 10-7 2 x 10-3 2 7 <i0- 
] 2x 10-8 2x 10-4 2x 10-3 7 
10-2 2x10-’ 2x 10-5 2 7x10- 
10-2 2x 10-5 2x 10-¢ 2 x 10-2 7 


The theory becomes useful when the horizontal scale is greater than 30km, 
allowing a topographic height of 0-2. Features up to a scale of 100km will not 
influence the basic flow significantly, but the effect of (sufficiently high) larger- 
scale topography will penetrate throughout the flow. It must be borne in mind 
that the stringent conditions of two-dimensionality and negligible influence 
of turbulent viscosity and conductivity must be met to make these results at 
all relevant. 
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Steady wave patterns on a non-uniform steady fluid flow 
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A steady slightly non-uniform flow with a free surface is subject to a concen- 
trated surface pressure which gives rise to a pattern of surface waves. (For gravity 
waves on deep water this is the well-known Kelvin ship-wave pattern.) The 
motion is assumed inviscid, and the waves are assumed small. A theory is 
developed for the wave pattern, based on the following assumptions: 

(1) The stream velocity component normal to a wave crest is equal to the phase 
velocity based on the local wavelength; 

(2) the separation between consecutive crests is equal to the local wave- 
length. 

These assumptions are expressed in mathematical form, and the existence of 
a set of characteristic curves (associated with the group velocity) is deduced from 
them. These characteristics are not identical with the crests. Let the additional 
assumption be made that 

(3) the characteristics all pass through the point disturbance; the charac- 
teristics are then completely defined and may be constructed by a step-by-step 
process starting at the point disturbance. The same construction gives the 
direction of the wave crests at all points. The wave crests can then be deduced. 

Assumptions of the same type as (1) and (2) have long been familiar in various 
applications of ray tracing. For uniform flows the present theory gives the same 
pattern as the method of stationary phase. 





1. Introduction 

A steady flow with a free surface (the basic flow) is subject to a concentrated 
surface pressure which gives rise to a pattern of surface waves. The present paper 
is concerned with the problem of calculating this pattern. Methods of solution 
have long been known for the special case when the basic flow is uniform. The 
pattern can then be found approximately from fairly simple rules (see § 2 below). 
Examples may be found in Lamb’s Hydrodynamics (Lamb 1932), where applica- 
tion is made to gravity waves (Kelvin’s ship wave pattern) in § 256, and to 
capillary and combined capillary-gravity waves in §272. By a change of co- 
ordinate system the problem of the uniform basic flow of constant depth becomes 
the problem ofa pressure point travelling with constant velocity over fluid at rest. 
Pressure points travelling along curved paths on constant depth have been 
investigated by Stoker (1957, chap. 8). 

Little seems to be known about the steady wave pattern when the basic flow is 
non-uniform. A problem of this type arose recently in the work of Sir Geoffrey 





334 F. Ursell 


Taylor on thin films of water controlled by surface tension (Taylor 1959; 
equations and figures quoted from this paper will be preceded by the numeral II). 
Taylor studied wave patterns on uniform and axially symmetric flows, and an 
approximate theory which he developed for the latter agreed quite well with his 
measurements (see his figures II 16, 17.) It is the purpose of the present paper to 
give a more systematic theoretical discussion, based on different ideas, of such 
wave patterns on a slightly non-uniform stream. 

In § 2 of the present paper the basic flow will be assumed uniform. Rules will be 
stated for the construction of approximate wave patterns from a point distur- 
bance. For this problem the exact linearized solution may be found in the form 
of an oscillatory integral, valid in the whole field of flow. The rules follow on 
applying the principle of stationary phase to the exact solution, and are thus 
seen to give the wave pattern at a distance from the point disturbance. 

In §3 a new ray theory for slightly non-uniform flows will be derived. The 
equations for the wave crests will be deduced, not rigorously from the equations 
of motion (as for uniform flows), but from assumptions which appear physically 
reasonable and which resemble assumptions used in the familiar ray tracing of 
periodic water waves approaching a non-uniform shelving beach (Arthur, Munk & 
Isaacs 1952) and in other geophysical applications. The equations are used to 
construct a system of subsidiary curves, the characteristic rays, by a step-by-step 
method beginning at the disturbance. The crests can then be found by another 
step-by-step process. The present problem appears, however, more difficult to 
grasp physically than the problem of the shelving beach. In the latter there is an 
obvious invariant, the period of the wave, which gives an immediate physical 
meaning to the step-by-step calculation of the ray pattern on the beach. In our 
problem, on the other hand, all wavelengths are present, and the visible wave- 
length (except near the disturbance) depends on a stationary-phase condition. 
However, our formulation makes no explicit reference to stationary phase or to 
the allied notion of group velocity. 

In §4 the method will be applied to ‘symmetric’ waves on a thin capillary film 
which is either uniform or radially expanding, and equations for the crests will be 
derived. These approximate to Taylor’s equations in the flow regions investigated 
by him, and are therefore confirmed by his experiments. 

The distribution of amplitude in the wave pattern is not treated in the present 
paper. It will be assumed throughout that the motion is frictionless and irrota- 
tional, and that the wave amplitude is small. 


2. Waves on a uniform stream 

In this section it will be supposed that the basic flow is a uniform steady stream 
of velocity U, and that the small pressure giving rise to the waves is concentrated 
at a point. From this special case the waves due to a small pressure distributed 
over a finite area may be deduced by integration. Let rectangular Cartesian 
co-ordinates be taken as follows: The z-axis normal to the mean free surface, the 


x-axis parallel to the stream velocity, and the y-axis normal to the other two axes. 
The origin is taken so that x = y = 0 at the point disturbance. Polar co-ordinates 
are defined by x = rcos@, y = rsin@. 
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Our problem is to find the equations of the wave crests (and of all other curves 
of constant phase); more precisely, to find the equations of their projection on 
any plane z = const. In these equations the co-ordinate z therefore does not 
appear. (The variation of wave amplitude will not be treated in the present 
paper.) As has already been stated in the introduction, the solution is well known. 
The argument which is quite rigorous proceeds along the following lines: Let the 
pressure disturbance be of small magnitude so that the equations of motion can be 
linearized. Then the boundary-value problem for the disturbance can be solved 
explicitly everywhere. In particular, it is found that the surface deformation is 
of the form 

i Ii i b F(k, y) exp {ik(a sin y —y cos y)} 
| : i Y c,(k) — Usiny 

(with F(k, y) depending on the pressure disturbance). Here the resolution into 
plane waves is evident. Care is needed in interpreting this integral, since the 
denominator vanishes when c,(k) = U sin y; this shows that the solution of the 
steady boundary-value problem is not unique. It is necessary now to choose the 
physically appropriate unique solution. For this purpose Lamb (1916) uses the 
‘Rayleigh viscosity’ (see Lamb, 1932, § 242) which has no clear physical meaning 
but is mathematically convenient. It is physically more satisfactory to proceed 
differently and to consider the corresponding unsteady problem: 

Suppose that the pressure disturbance appears at time ¢ = 0, not at time 
t= -—oo. A unique unsteady wave motion results which can again be found 
explicitly in integral form and which tends after a long time to a limiting motion 
of the previous form but now with a well-defined meaning of the singular integral. 
This method usually leads to the same result as the Rayleigh viscosity. Examples 
of its use are given by Peters & Stoker (1957, pp. 174-81). The double integral, 
when the appropriate interpretation has been found, gives the wave pattern 
everywhere, subject merely to the conditions of linearization in an inviscid fluid. 
No additional approximation has been introduced. To obtain an approximate 
picture of the wave pattern without numerical computation, it is now assumed 
that 2 and y are large compared with some length scale of the problem. The double 
integral may then be approximated by the principle of stationary phase. It is 
shown by Lamb (1916) that the dominant contribution arises when 


c,(k) = Usiny, 
and is in the form of a single integral 
Jem exp {tk(y) (wsin y — y cos y)} dy, 
where k(y) is the solution of c,(k) = U siny and where the range of integration 
depends on x and y. Clearly the points of stationary phase are the solutions of 


d 


a {k(y) (xsiny—ycosy)} = 0. 
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If this equation has only one solution y(y/z) the crests are seen to be of the form 


ce) sre) -vomr) = 


asymptotically when the distance from the origin is large, and are all similar with 
respect to the origin. This result can be expressed in a more convenient form for 
application by the following rules, valid at a large distance from the origin: 

(1) The phase velocity c,(k), relative to the stream, of a regular two-dimen- 
sional wave train of wavelength 27/k is found subject to the appropriate boundary 
conditions. Thus, c,,(k) = ,/(g/k) for gravity waves on deep water (Lamb 1932, 
§ 229, equation 6). 


Crest 


<— 6 





Point disturbance 


FicuRE l. The angles y, 6 and 6. 


(2) The angle y(k) is defined by 


siny = =, (2.1) 

and the angle d(y, k) = d(k) by 
_ dy _ kde, 29 
nite ae tany. (2.2) 


(3) The radial function (4) and the angular function 6(k) are defined by 


k) = Z 
* k sin 6(k)’ 
where A is a constant. 

Then, as k varies, these are parametric equations of a curve of constant phase. 
Different curves of constant phase correspond to different values of A. From one 
crest to the next, A changes by 27. Evidently all curves of constant phase are 
similar with respect to the origin. It can be shown from the equations that 
rd@/dr = —tand ona curve of constant phase, whence it follows that d is the angle 
between the radius and the tangent, and y is the angle between the tangent and 
the x-axis; see figure 1. 


O(k) = y(k) +0(k), (2.3) 
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[The same equations as above are also obtained in the solution of the following 
problem: 

To find the envelope of the family of straight lines 

k(y) (xsiny —ycosy) = A, 
where k(y) is defined by the equation 
c,(k) = Usiny.] 

The asymptotic treatment of the integral also gives an approximate expression 
for the amplitude; see Lamb (1932, § 256), Havelock (1908, §14). When there 
are several points of stationary phase their contributions must be added. The 
derivation fails when the method of stationary phase fails in its simplest form, 
for example, near a line of cusps as in Kelvin’s ship-wave pattern (Lamb 1932, 
§ 256). The crests at a distance from the origin may then be found from the integral 
by more elaborate asymptotic methods. For Kelvin ship waves it has been shown 
in this way (Ursell 1960) that near the cusps a different law of similarity prevails. 
Here the kinematic method of the next section fails. For dispersive systems the 
method of stationary phase is the more fundamental one. 


3. Waves on a slightly non-uniform stream 


In the last section the stream velocity of the basic flow was assumed uniform. 
In the present section it will be assumed merely that the basic flow is irrotational, 
that it does not vary rapidly with distance, and that one velocity component 
(normal to the plane z = 0, say) is negligible throughout the fluid. (The free 
surface is then nearly parallel to z = 0.) An example of such a flow is the thin 
current sheet considered by Sir Geoffrey Taylor (1959, p. 309). To fix ideas, let it 
be assumed temporarily that the z-component of velocity vanishes on the plane 
z= 0. Let the z-axis and the y-axis be taken normal to each other and to the 
z-axis but otherwise arbitrary at this stage. Let the velocity components of the 
basic flow parallel to these axes be denoted by U(x, y) and V(x, y), respectively; 
these vary only slowly with x and y, and in addition it is assumed that their 
dependence on z is negligible. Let the equation of the free surface of the basic 
flow be z = h(x. y). 

Suppose, as in the last section, that the flow is slightly disturbed by a small 
concentrated pressure which gives rise to the wave pattern. It will be supposed 
that through every point (x,y) of the free surface there passes just one phase 
curve, for example, a crest or trough; this restriction can easily be removed. It 
will also be supposed that (except near the disturbance) the phase curves are not 
strongly curved. Then a local wavelength 27/k(x, y) can be defined approximately 
as the distance between neighbouring wave crests. Let y(x, y) denote the angle 
between the z-axis and the tangent at (x,y) to the phase curve through (z, y), 
and let é/és and @/én denote differentiation along and normal to a phase curve 
respectively, 

on 


— = cosy — —siny — 
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Consider first the phase velocity c,,(k, h) relative to a uniform stream of constant 
depth h, of a regular two-dimensional wave train of wavelength 27/k subject to 
the appropriate boundary conditions (compare § 2 above). Then our construction 
of the phase curves is based on the following two equations 


c,{k(x, y), h(x, y)} = U(x, y) sin y(x. y) — V(x, y) cos y(x. y). (3.1) 
a 0 
on y(x, y) = k(x, y) a, (2. y)- (3.2) 


Equation (3.1) corresponds to equation (2.1) above. It states that ina steady wave 
pattern the stream velocity normal to the crest is balanced by the phase velocity, 
and also that the phase velocity relative to a slightly non-uniform stream and on 
variable depth is adequately approximated by the phase velocity obtained from 
constant-depth theory. Equation (3.2) is already familiar in the geometry of ray 
systems (see, e.g. Longuet- Higgins 1957, equation 10). It states that the distance 
between neighbouring phase curves is proportional to the wavelength. To preve 
this, consider any family of plane curves (here the phase curves), expressed in the 
form f(x,y) =a, where a is a variable parameter. Then it can be shown by 
elementary differential geometry that 


cy C l 
ah es In(, ‘|; 
on cs | grad f | 


the proof is omitted. The perpendicular distance between the neighbouring 
curves f(x,y) = aand f(x,y) = a+dais easily shown to be da/|grad f |, and if this 
is taken to be proportional to the wavelength, equation (3.2) follows. 

As the first stage in the construction of the phase curves, let us find a differential 
equation for the slope angle y(x, y). To this end, let (3.1) be differentiated with 


respect to x and to y 


dc, ck oc,0h oU . eV : er 0} 
~P—+,"— = ~siny—~—cosy+(Ucosy+ Vsiny) 2, (3.3) 
ken Ohex cx Ox Oar 
dc, 0k dc,c0h oU. oV ‘ ad 0 
~P 4? _ = —-siny—— cosy +(U cosy + V siny) a (3.4) 
ck cy ohcy cy cy a 
and let (3.2) be written in Cartesian co-ordinates 
oy . l ok . Ok = 
cos y x- — siny —— = —; | cosy~+siny~}. (3.9) 
cy Cx k Cx C2 
ms fa C 
hus ~ (keosy)+- (Ksiny) = 0 
Ox cy 


i.e. the vector wave-number k = (—ksiny, k cosy) is irrotational. The line integral 
[k.ds taken between two points of the flow field is therefore independent of the 
path of integration and may be interpreted as the phase difference between the 
two points. A very interesting alternative development of wave patterns, starting 
from the phase function, is given by Whitham (1960) in the following paper. 
His treatment also covers the extension to three dimensions and to certain 


unsteady wave patterns. 
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After this digression, if now ck/¢x and ck/dy are eliminated from equations (3.3), 
(3.4) and (3.5), and if the function c,(k, h) is defined by 


A 


C . > 
,(k,h) =c,(k,h)+k ap Cvlk, h) (3.6) 


(in agreement with the usual definition of group velocity), then it is found that 


(U(x, y) —¢,(k, h) sin y} — +{V (a, y) +¢,(k, h) cos y} ay 


ATT A TY A 


ou on! : J, oV 
= —cos y{—— sin y — — cosy} —sin y{ — sin y —-—— cosy 
= ag C8 y Y Fy 0087 


cy 
Cc, (eh Oh. ae 
+z -|_-cosy+z-siny}. (3.7) 
Ch \ex cy 


Here U(x, y), V(x, y), h(a, y) and their derivatives are known functions of x and y, 
while éc,,/ch and c, are known functions of k and h and therefore, by (3.1), of 
x,y and y. Thus equation (3.6) is a quasi-linear equation of the first order for y, 


of the form 


: oy ey u ase 
F(x, y, Y) ant Fy(x, y.Y) By = F(z, y,Y), (3.8) 


where F,, Ff, and F; are known functions. Solutions of this equation have the 
following property. 

If y is given at a single point: y(%, Yo) = Yo, say; then equation (3.7) defines 
y uniquely along a curve through (po, Yo), the characteristic curve, which depends 
On Yo. 

This result is proved by Courant & Hilbert (1937, pp. 51-4) and appears 
reasonable from the form of (3.8). For at (29, yg) the values of F,, F, and F; are 
known; thus (3.8) states that the rate of change of y in a certain known direction is 
known. On proceeding an infinitesimal distance in this direction one finds new 
values of x, y and y, and the result follows when this process is repeated in- 
definitely. It is noteworthy that the characteristic direction is along the resultant 
of the group velocity, taken normal to the phase curve, and of the velocity of the 
basic flow. 

So far the theory has been developed in terms of the inclination y(x, y). This is 
not necessarily the most convenient dependent variable. Similar equations can 
be derived for the variation of k(x, y) along a characteristic, and thence for the 
variation of any function of x,y, y and k. In particular, the following equations 


can be obtained 


. ; C . 0 
{U(x, y) —¢,(k, h) sin y} ay (kcos y)+{V(x, y) +¢,(k, h) cos y} y (k cos y) 
OU . eV éc,, ch 
= X( ~— sin y — = cos 7) —k—* _, (3.9) 
Cy cy Ch cy 


(U(x, y) —¢,(k, h) sin y} x (ksin y) + {V(a. y)+¢,(k, h) cos y} 5 (ksin y) 


i OV OC, oh 
= -H( ; sin y — = cos y) +! ah ax’ (3.10) 


) 


~™ 
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{U(x, y) —¢,(k, h) sin y} . (kx cos y + ky sin y) 


+{V(x,y)+¢,(k, h) cos y} = (kx cosy + kysin y) 


= sin * oU —kecos ge eV 
ee ey 4 ee "ay —9 ae 


265 (28 _ AB) 2017 690 4 Va 
ke (a5 ys) +H(L cosy + Vsiny). (3.11) 


In these equations the point 2 = y = 0 is an arbitrary origin of co-ordinates, not 
necessarily coincident with the point disturbance. Let us consider the most 
important special case when U = constant; V = 0; and A = constant, previously 
treated in §2. Then the right-hand side of (3.7) vanishes, and so y is constant 
along a characteristic. Similarly / is constant along a characteristic, and it follows 
that F, and F, are also constant along a characteristic. Thus for a uniform basic 
flow the characteristics are all straight lines, but their position in the field of flow 
is still unknown. 

We have seen that a complete characteristic curve can be constructed if y is 
known at one point on it, but we have not yet seen how such initial values of y are 
to be assigned, nor has the location of the point disturbance entered into the 
calculation. For these reasons the characteristic rays are not yet completely 
determined. We now introduce the following: 

Assumption A. The characteristic curves of equation (3.8) all pass through the 
disturbance. 

This assumption is certainly valid for uniform basic flows. This follows at once 
from the theory of § 2 where it was shown that y is constant along straight lines 
through the disturbance. Alternatively, we may consider points on the streamline 
through the disturbance; on these, by symmetry, y is either 0 or 47. If charac- 
teristics pass through such points, y is 0 or 47 ina region (from equations (3.9) and 
(3.10)). If this conclusion is rejected as absurd, it again follows that for uniform 
basic flows the characteristics all pass through disturbance. (Near the disturbance 
the validity of (3.1) and (3.2) isin any case dubious.) Assumption A is extended to 
non-uniform basic flows by analogy. 

It is now easily seen how the characteristic curves can be constructed. To each 
arbitrary initial value of y at the disturbance there corresponds a characteristic 
of (3.7) through the disturbance. Thus y is defined uniquely on each characteristic. 
and to each point of that part of the (x, y) plane covered by characteristics there 
corresponds a value of y (or possibly several values of y). 

It is now seen how the phase curves (such as the crests) can be constructed. 
For y(x, y) which has just been obtained is the angle between the z-axis and the 
tangent to a phase curve. Thus the phase curves are the solutions of 

dy 


a = tan y(z, y) 


which may be integrated by known methods. Thus the construction of the phase 
curves is now completed in principle. 
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In this way one can obtain by a different method the rules for a uniform basic 
flow which were stated and explained in § 2. As in § 2, suppose that the origin of 
co-ordinates is taken at the point disturbance, that h = const., that U = const., 
and V = 0, and that x = rcos@ and y = rsin@. Then we have seen that the 
characteristics are straight lines through the origin, on which y is constant. Thus, 


from the characteristic 0 = const. 
c,(k) cosy 








wae U—c,(k)siny’ 
where c,(k) = Usiny 
dc, awe Oc, 
and c,(k) = ¢,(k)+k aE a O siny +k~r. 
Thus, by straightforward substitution 
Oy 
_ tand—tany _¢,—Usiny _ Ok _ oY 
i l+tanftany Ucosy  Ucosy 0k 


= tan d(k), 


where 6(k) is defined by (2.2). Thus 0(k) = y(k)+4(k), as in (2.3), and so d(k), as 
appears from figure 1, is the angle between the radius and the tangent. It follows 


_ o = —tand(k), 
whence = pie jo ee (+5) 
r dk tan ddk tand\dk dk 
aoe 1 dé 
k tanddk’ 
By integration, Inr = —Ink—Insin d(k) + const., 


which agrees with the radial equation (2.3). Thus the procedure of the present 

section reduces to the rules of § 2 for the special case of a uniform basic flow. 
Next let us briefly consider flows with radial symmetry, such as the expanding 

sheet studied by Sir Geoffrey Taylor (1959, p. 309). Let another system of polar 

co-ordinates (R, ©) relative to the centre of symmetry be introduced. Then the 

velocity components of this type of basic flow are of the form U = C(R)cos@, 

V = C(R)sin O, and the depth is of the form h = A(R). If by definition 

X=Recos®, Y =RsinO, 
s _y Q - a 
oY ox 00 


It is easy to see that the right-hand side of (3.11) vanishes since 


then xX 


oU oV 
an Qe 
and therefore kX cosy +kYsiny = kReos(O-—y) (3.12) 


is constant along characteristics in flows with radial symmetry. The physical 
meaning of this invariant is not obvious. 
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4. Applications 


We consider symmetrical capillary waves in a thin two-sided sheet. Sir 


Geoffrey Taylor (1959, equation Ii 4) has shown that in a sheet of uniform 
j > y) 
thickness 2h ¢,(k) = {(T/p) ktanh kay 
~(Thip)tk as kh->0. 


Now kh is small when @ is small (behind the disturbance) see (4.3) below. In this 
region the error will therefore be small, while the equations for the wave pattern 
will simplify considerably if the approximate relation 


c,(k) = (Thip)tk (4.1) 


is taken to be exact, as will be done in the calculations that follow. (Compare 
Taylor 1959, equation IT 24.) 
Let us suppose first that the basic flow is uniform and that U is constant. 


snteiaiaune. sin y = (T/pU%h)t kh = Wikh, 
where W < 1 is the Weber number of the flow. From (2.2), 


tanéd=tany, whence d=y, and sind =siny = Wikh. 


From (2.3) r(k) = vind = inti (4.2) 
and O(k) = y(k) +d(k) = 2y(k). 
Thus sin 40 = siny = Wtkh. (4.3) 
By elimination of & from (4.2) and (4.3) it is found that 

W-3(r/h) sin? 40 = A, (4.4) 


a set of parabolas; if only the leading term for small @ is retained, this is 
W-*(r62/4h) = A. (4.5) 


A photograph of the wave pattern is shown by Taylor, Figure II 14. Equation (4.4) 
is identical with equation II 32. In fact the approximation cannot consistently be 
carried beyond (4.5) if the phase velocity is taken in the approximate form (4.1). 
The exact velocity relation may be used with little trouble to give higher cor- 
rections when @ is small, but this will not be done here. 

Let us suppose next that there is radial symmetry; that the radial velocity is 
constant, C(R) = Co, say (ef. the end of §3); and that the depth h varies as ?-'. 
These conditions are satisfied by an expanding sheet, (see II, p. 299). If it is still 


cC,(k) = (Th pik 


assumed that 


exactly, then the wave pattern can be found in explicit form, as will now be shown. 

The characteristic rays are first found. Let y denote the angle between the 
characteristic through (R, ©) and the radius © = 0. Then, from the equation for 
the characteristic, 


Cysin O + ¢,(k, h) cos y 
Cycos O —¢,(k,h)siny’ 


(4.6) 


tan yy = 











Tl 


T 


ar 


Ww 
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| OY na i 
whence tan (yv—@) C,—¢,8in (y— 6)" (4.7) 
Also Cy = Cy+k(Oc,/0k) = 2c,, from (4.1); (4.8) 


(it is the simplicity of this relation which simplifies the calculation) and 


C,(k) = Cysin(y—®), from (3.1). (4.9) 
- — 2 sin (y —@) cos (y—0) 
s é —0) = a 
rhu tan (iy — ©) i —Sain® Gy —6) 
= tan 2(y—90), (4.10) 
whence yy = 2y-0. (4.11) 


Moreover, from (3.12), kRcos (y — Q) is constant along a characteristic, and from 
(4.9), since A varies as R-!, R}k—sin (y —@) is constant everywhere. On multi- 
plying these, we find that R? sin 2(y — Q) is constant along a characteristic. If the 
point disturbance is situated at (A), 0) and if yp is the initial value y on a 


ce. R3 sin 2(y — 0) = R: sin 25. (4.12) 


By elementary differential geometry on a characteristic, 


dO 


: = tar f—E€ 
RoR an (yw —@O) 
= tan2(y—0) from (4.10), 
3 
= (3°) sin 2y {1 —(R,/R)*sin?2y,}-? from (4.12). (4.13) 
k dR (R,\3 
Thus 0 = [ -- ( ) sin 2y,{1 — (R,/R)> sin? 2y,}-? 
Jn, RAR Yor 0 Yo 
2 dy ° 2 oin2 5 
= -5/ > vain 2y,(1—v? sin? 2y,)-?, where v = (R,/R)? 
1 


2 in-l 99] S 4 
— %sin—! (vsin 279) +370: 


and the equation of the characteristic rays is thus 
= R,\? . 
sin (2y,— 30) = vsin 2yy = (3) sin 2Yp, (4.14) 
/ 


where 7, is the initial value of y at the disturbance (Ry, 0). From (4.13), 


tan 2(y —@) = sin (2y,—3@) {1 —sin? (2y,—30)}-? = tan (2y)— 30), 


whence y—-O0 = y)— 20. (4.15) 


It is now possible to find the slope of the phase curve through any point (R, @). 
First the parameter y, of the ray through (R, ©) is found from (4.14), then the 
slope y is found from (4.15). 
The differential equation of the crests is 
R = = tan(y—0) 
= tan (¥>— 30) (4.16) 
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from (4.15), where yo(R, ©) is the function defined implicitly by (4.14) 











nO ; 
tan 275 = ae = sh #0 -. (4.17) 
cos 30 —(R,/R)} cos 30 —v 
It is easy to show that 
oy. 8@) — _?8in 30 
i 1—vcos 30 
2R(dO/dR) 

= 4.16). 

i— R{do/dkp from (4.16) 

This is a quadratic equation for R(dO/dR); the required root is 

dO ,,, 40 1—vcos30 /(1—2vcos 30 +v2\? 

AIR ~~ 2° dy vsin30 ( v® sin? 30 "am 


This root tends to zero as v tends to zero, compare (4.16) and (4.17). Ifnow cos 30 
is chosen as a new variable instead of ©, it is possible to integrate (4.18). The 
solution is 
1 (1 2cos30_ ,\t 

_ ———*—+l1]} = const., 


v y2 v 


as may be verified by differentiation. 
The phase curves are therefore 


R ey ey —— 
(z:) ~ | R, as R, ail li, = const., (4.19) 


where (R, ©) are polar co-ordinates relative to the centre of the basic streaming 
flow, and the centre of disturbance is at (2, 0). To determine which phase curves 
are crests it is necessary to find the actual phase, such that the distance between 
successive crests is equal to the local wavelength as given by (4.1). The phase 
might possibly be a complicated function of the left-hand side of (4.19). It is 
easily found by taking F large on the phase curves (which are almost straight at 
infinity) and comparing with (4.1). It appears that the phase ¢ is in fact a linear 


function R\3 R\! , xs 
é= BI\(z) - (z) cos $0 + i} +1—- (z) |: (4.20) 
3 (47pC?\* 
where B= ni(= ‘ , Q=4nRO,h 


is the volume flux, and ¢ has been made to vanish when © = 0 and R > R,. It is 
clearly legitimate for the purpose of this argument to allow R to tend to infinity, 
although in fact an instability associated with a different type of wave causes the 
thin film to break at a finite radius. It is easy to see that 


_1Ri1 


= — 9 
3 Rhy’ ca 


where R, is the radius at which W = (T'/pC%h,) = 1, and 2h, is the thickness there. 








a te at beet 0 0OU6ces 6k 
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To obtain an approximation for the phase curves downstream when the phase 
€ is small, we have from (4.20) that 


\(5- 1) +7 cos 0)}"—(4— i ia 3 


exactly where v = (R,/R)} < 1. The left-hand side for small 4 is 
(1 — cos $0)/(1—v) + O(vO4) 
- 30?/(1 =r v) 


8 
approximately. Thus Q? = an (1-v) 


-“ (7). - (3)) (4.22) 
3 Rh, L\Ry R 

is the approximate polar equation of the curve of phase e, where RF is the distance 
from the centre of the basic flow, R, is the outer radius where W = 1, R, is the 
distance of the disturbance from the centre of the basic flow, and 2h, is the thick- 
ness of the film at distance R,. Equation (4.22) agrees with Taylor’s result (II 42) 
which is illustrated in figures I1 16 and 17 of his paper, though in the present 
calculation it is not assumed that the crests pass near the disturbance. Instead it 
has been assumed that the characteristic rays pass through the disturbance, and 
this is sufficient to fix the position of the phase curves. There is no difficulty in 
principle in carrying out a similar calculation for the exact phase-velocity 
relation, but a method of successive approximation is then needed near © = 0. 


5. Discussion and conclusions 

It was assumed at the beginning of § 3 that the velocity component normal to 
z = 0 vanishes on z = 0, but it will be clear that this assumption was not fully 
used. All that is needed is the phase-velocity c,(k,h) as a function of wave- 
number k, with the local depth h entering as a parameter. (Taylor’s ‘anti- 
symmetric’ waves, equation II 9, are an example of this.) And if it is some para- 
meter other than depth which changes slowly from point to point then the theory 
is unchanged, provided that the phase velocity can still be found as a function of 
k and of the new parameter. Nor is it necessary that the disturbance should be 
caused by a point pressure rather than by some other concentrated physical 
agency. 

The theory of § 3 is based on physically plausible assumptions, but no rigorous 
attempt has yet been made to find sufficient conditions for its validity. It would 
be helpful if explicit solutions could be found for some non-uniform basic flows, 
perhaps with axial symmetry. A comparison with the approximate theory would 
then become possible. It would also be helpful if the present theory could be 
made to appear as the first stage in a well-defined scheme of successive approxima- 
tion, so that the errors could be estimated. 
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A note on group velocity 


By G. B. WHITHAM 


Mathematics Department, Massachusetts Institute of Technology 
(Received 6 June 1960) 


The kinematic approach to group velocity given in Lighthill & Whitham (1955) 
for one-dimensional waves is extended to cover the general three-dimensional 
case. The ideas have particular bearing on the theory developed by Ursell (1960) 
for treating steady wave patterns on non-uniform steady fluid flows. 

Although this note was written in ignorance of the fact, all the main ideas 
presented here are implicit in §§66 and 67 of the book by Landau & Lifshitz 
(1959). However, these ideas do not seem to be well known to fluid dynamicists, 
and it was suggested to the author by the editor that a useful purpose would 
still be served by publishing this note as an expository article amplifying the 
paragraphs in Landau & Lifshitz. It also serves the original purpose of providing 
a supplement to Ursell’s paper. 


1. One-dimensional waves 

The following simple approach to group velocity for one-dimensional wave 
propagation is included as an example of ‘kinematic waves’ in Lighthill & 
Whitham (1955, p. 286). Let k(x, t), w(x, t) be the local wave number and fre- 
quency in the wave train and assume that as the train propagates the number of 
waves (number of crests, say) is conserved. Balancing the rate of increase 
(ck/et) da of the number of waves in a fixed length éx with the net flux —dw, 


this conservation law is expressed as 

i“ * 

ok Cw 

= ta = (1) 

ct cx 
If w is a known function of /, usually deduced from assuming a uniform simple 
harmonic wave train locally, we have 


ak Ok 

le a (2) 

where tay == (3) 
dk" 


C(k) is the ‘group velocity ’ and equation (2) says that values of k are propagated 
with the local group velocity C(k) even though the individual crests propagate with 
the local phase velocity ¢ = w/k. It should be noted in particular that this result 
is not limited to a wave packet in which k remains close to some mean value ky. 
The results can be displayed in an (x,t) diagram as shown in figure 1. The 
characteristic lines dz/dt = C(k) are shown non-overlapping. This is the situation, 
for example, in the gravity waves problem of the release of an initial elevation of 





348 G. B. Whitham 


the water surface, after a sufficient time has elapsed. Then the longer waves with 
larger group velocity are at the front of the wave; the leading characteristic 
would correspond to the maximum group velocity (g x depth)? and would play 
the role of a wave front. For earlier times one can think of extending the charac- 
teristics in figure 1 backwards in time until they do overlap. Such a region of 
overlapping characteristics could be interpreted as the region in which the 
initial elevation, perhaps consisting of a single crest, is breaking down into a 
whole series of crests, and in this period the conservation equation (1) does not 
apply. This corresponds to the fact that in the exact solution of the problem by 
means of Fourier integrals, the simple description of the motion involving the 
group velocity is obtained only in the asymptotic behaviour limited to large t 
(see Jeffreys & Jeffreys 1956, § 17-08). 


t 











x 

FicurE 1. The full lines represent the characteristics dx/dt = C(k) and k is constant on 
each one. The broken lines represent the paths of individual wave crests dx/dt = c(k) in 
the case c > C. 


However, a different kind of overlapping may occur where two distinct sets 
of waves are superposed; an example is when short capillary waves are superposed 
on gravity waves. Then the description by (1) applies to each set. A similar type of 
overlapping occurs in two and three dimensions when two wave systems cross at 
an angle; an example occurs in ship waves. In either type it seems to be unneces- 
sary to rule out such overlapping solutions and introduce shocks as is necessary 
for the analogous simple waves of gas dynamics and the other examples of kine- 
matic waves given in the above reference. 

It should be remarked that when w(k) is determined by discussing the local 
propagation, the position x may be involved as a parameter so that w = W(k, 2). 
Then, in (1) we have 

—a. sn nur 4 
ok on ok oW i uel ow om ow _ 0, (4) 
ot Ok ox =x ct «60k Cx 
Therefore, w is constant along the characteristic curves dx/dt = eW/ck = C, 
but & is not. 


2. Two and three dimensions 


The clearest derivation of the extension is to observe that (1) expresses the 
existence of a function ¢(x,t) and a set of curves in the (x,t) plane given by 
(x,t) = constant which can be recognized as waves. These curves could easily 
be defined in terms of the motion of ‘crests’ and ‘troughs’ provided none of 
these disappear. Then (1) follows with k = 0¢/éx and w = —0¢/ét, which are of 








me ee Ok 





_—. = 


a] 
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course the correct quantities for wave-number and frequency in terms of ¢. The 
function ¢ is the ‘phase function’. 

Now suppose that a set of wave surfaces (x,t) = constant can be recognized 
as waves in two or three dimensions. Then, defining the vector wave number 
k as V¢ and the frequency w as — 0¢/¢et, we have 


ok 
ay + Vo =k (5) 


The phase velocity c is the velocity of the surface 4(x,t) = constant; it is in the 
normal direction, i.e. parallel to k, and its magnitude is — ¢,/|Vé| = w/k. The 
existence of a scalar field ¢ corresponds to the assumption of wave conservation. 
Since k = V@, it follows that ‘iii (6) 


The irrotationality of k could also be the starting point in deducing the existence 
of ¢. For, introducing k as the vector wave-number, conservation of waves re- 
quires the total number (with correct sign) crossing any closed curve be zero; 


hence 
bk. ds = 0 


and (6) follows. 
Again it is assumed that the dependence of w on k, and possibly on location x, 
has been deduced by local arguments so that 


w = W(k, x) (7) 


is known. Then, given appropriate initial or boundary conditions for k, equa- 
tions (5) and (7) determine the vector field k from which the flow pattern given 
by ¢ can be calculated. Substituting for w in (6), we have three equations for the 
components k, of k ak ak; 


+0, + F = @, 8 
ct 7 ae, (8) 
ow ow 
where C; = ss , k=. 
Ck; Cx; 


The velocity C;(k,x) = cW/ck,; is the three-dimensional group velocity. The 
interpretation of (8) is immediate when we note that k is irrotational so that 
ck,/¢x; = ek;/Cx; and (8) can be rewritten 

Ck; 

ct 4 Oa, 
The left-hand side is the rate of change of k,; following a point moving with the 
group velocity C. In principle, at least, this determines k at all future times and 
¢ is calculated from V¢ = k. 

When the frequency w = W(k,x) is independent of x, F, = 0 and (9) states 
that values of k; propagate unchanged in magnitude with the group velocity. 
But, in this case, C is a function of k only; therefore, the propagation is with 
constant velocity along straight lines. In general the propagation velocity is 
different on the different lines, and the lines are not parallel. This is the general- 
ization of the one-dimensional result represented in figure 1. In the (x, t) space 
the characteristic curves dx/dt = C are straight lines. In the special case of a 


ak; 


=—F. (9) 


Y 





350 G. B. Whitham 


wave packet with k close to ky, everywhere, the lines are parallel if we take the 
approximation C(k) = C(k,); this would be the ‘linear theory’. When W in- 
volves position x, k is no longer constant along the characteristic curves. How- 
ever, if the time does not appear explicitly in W, the frequency w is constant on 
characteristics. For, taking the scalar product of (5) with C, we have 


Cw Cw 


GC; = 0, (10) 


rain in 
ct C 
since C; (¢k;/0t) = Cw/ct. 
Of course, one could equally well work with the original phase function 
(x, ¢) and write (7) as 
av - 
Cd [0d 
~4+W(— ,x,) =0. (11) 
ct Cx; 
3ut the standard methods of dealing with such equations introduce ¢¢/ct and 
¢/éx; as new variables and use the characteristic forms (9) and (10). Thus, 
there is no essential difference. Equation (11) has the same form as the Hamilton 
Jacobi equation and the previous equation (9) is equivalent to 


dk; OW dx, oW 


dt = aa,” dt-—s Ok,’ 
which are the corresponding Hamilton equations. The relation of wave motion to 
Hamilton’s equations is familiar in wave mechanics, but this approach has not 
been widely used to introduce the general treatment (not limited to a wave 
packet) of group velocity for classical waves. 

One important point is that the direction of the group velocity C will be the 
same as the phase velocity c (which in turn is parallel to k) if and only if w depends 
on the magnitude of k only and not on the direction of k. The first part is 
trivial: if = f(k) where k = |k|, then @w/0k,; = f'(k) k-'k, and the result follows. 
For the second part, assume that 


ow 
Ok, g(ky, ky, ky) ky. ” 
Tha 9 ° * Ow _ eg _— og “he 
Then, for i + j, aed, ~ 6k? = ake 
eg cg 
hence a(k2) ~ a2 . 
O(k2) (kj) 


for all i, ) with i + j, and it follows that g is a function of k? only. Then, integra- 
ting (12), we have that is a function of k. 


3. Surface wave pattern on a non-uniform steady flow 


The theory developed by Ursell (1960) can be considered as a special case of the 
above ideas. In a steady flow pattern the phase function ¢ is independent of ¢ 
and the frequency w is zero. If the known flow velocity is u(x) and if the phase 
velocity for local propagation relative to fluid at rest would be Cy, then the resultant 
phase velocity c is the sum of c, and the component of u in the k direction, i.e. 


c = (u.k)k+c,, where k = kk. 








an 





e 


e 
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Hence, the frequency is 
w =c.k = (u+c,).K = u. K+ Wp. 
For a steady pattern, therefore, 
(u+C,).k = 0. (14) 


Since u(x) and ¢,(k,x) are assumed to be known, this is a functional relation 
between k, and k,. It is noted directly in Ursell’s paper as the condition that the 
wave crests remain steady in the flow. 

To this relation we simply add the irrotationality condition 


curlk = 0, (15) 


and (14), (15) are the equations to determine the two components (k,, k,) of the 
wave-number k. As Ursell finds, the characteristics of these equations are lines 
in the direction of the resultant of the stream velocity u and the group velocity 
Cw,/Ck;. This result clearly fits in with the more general treatment given here. 
Notice that in the time dependent problem, (15) plays a subsidiary role as an 
initial condition, since it then follows from (5) that curl k remains zero. However, 
for the steady wave pattern (15) becomes the basic conservation equation. 

The ‘ship wave’ pattern, produced by a fixed disturbance in the stream, has 
two superimposed sets of waves in the wedge-shaped region behind the obstacle. 
This is an example of acceptable overlapping noted in $1. 


4. Variation of amplitude and energy propagation 

For a uniform medium in which component simple harmonic waves (constitu- 
ting the full disturbance) propagate without change in amplitude, energy propa- 
gates with the group velocity. Here, energy means the integral of the square of 
the amplitude over a region of space, and propagation with the group velocity 
means that if we consider the volume V(t) enclosing a given set of points each 
moving with the appropriate group velocity, the energy in V does not change 
with time. A full derivation and discussion for one-dimensional waves is given in 
Jeffreys & Jeffreys (1956). The three-dimensional case goes through in complete 
analogy. The volume should contain several waves and in a given problem this 
result applies after a sufficiently large time; the time should be large enough for 
the Fourier integral over the harmonic components to be approximated by the 
first term in its asymptotic expansion for large t. This is also the requirement for 
the kinematic properties of group velocity to apply. 

Thus we have the result : ) \ 


A 3 
amplitude °}. (16) 


AV 
where AV is a small volume which still contains several waves, AJ; is its initial 
value and the amplitude is an average one for the waves in AV. For a uniform 
medium, the group velocity remains constant on lines of propagation and we 
have . ‘ ‘aaa 

; Al ec; en 


oc det |—|t = det | —_— 
j Ck; ck; 


AV, ak ‘ (17) 
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provided the distance propagated is much greater than the diameter of AV. 
Expressions (16) and (17) give the typical amplitude factor which appears after 
applying the method of stationary phase to the Fourier integral. 

For a non-uniform medium we expect the energy to propagate with the group 
velocity in the same way, provided that typical length scales in the variation 
of the medium are large compared with typical wave lengths. This provides a 
simple approximate method for calculating amplitudes. Here energy means the 
physical energy which is related to the squares of velocity amplitude or pressure 
amplitude by factors which now depend on position. 
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On the non-linear mechanics of wave disturbances in 
stable and unstable parallel flows 


Part 1. The basic behaviour in plane Poiseuille flow 


By J. T. STUART 


National Physical Laboratory, Teddington, Middlesex 
(Received 1 June 1960) 


This paper considers the nature of a non-linear, two-dimensional solution of the 
Navier-Stokes equations when the rate of amplification of the disturbance, at 
a given wave-number and Reynolds number, is sufficiently small. Two types of 
problem arise: (i) to follow the growth of an unstable, infinitesimal disturbance 
(supercritical problem), possibly to a state of stable equilibrium; (ii) for values 
of the wave-number and Reynolds number for which no unstable infinitesimal 
disturbance exists, to follow the decay of a finite disturbance from a possible 
state of unstable equilibrium down to zero amplitude (subcritical problem). 
In case (ii) the existence of a state of unstable equilibrium implies the existence 
of unstable disturbances. Numerical calculations, which are not yet completed, 
are required to determine which of the two possible behaviours arises in plane 
Poiseuille flow, in a given range of wave-number and Reynolds number. 

It is suggested that the method of this paper (and of the generalization 
described by Part 2 by J. Watson) is valid for a wide range of Reynolds numbers 
and wave-numbers inside and outside the curve of neutral stability. 


1. Introduction 

The present paper and the paper by Watson (1960), forming Part 2 of this study, 
contain some new developments in the non-linear theory of the mechanics of 
instability, and may be regarded as following earlier work on the subject by 
Landau (1944), Meksyn & Stuart (1951), Gorkov (1957), Malkus & Veronis 
(1958), Stuart (1956a,b, 1958), Veronis (1959) and Stuart & Watson (1960). 
For detailed discussions of some of the non-linear effects in instability, the reader 
is referred to a paper by Stuart (1958); however, it is necessary here to describe 
some of the results which were obtained earlier and to explain their relationship 
to the analysis described in the present paper and in Part 2. 

Of the papers mentioned above, those of Gorkov (1957), Malkus & Veronis 
(1958), Stuart & Watson (1960) and Veronis (1959) are concerned with the 
problem of thermal-convective instability when a horizontal layer of fluid is 
heated from below. For a description of this kind of instability the reader is 
referred to the article by Malkus & Veronis (1958). The essential features are 
the following; when a horizontal layer of fluid at rest is heated from below, 
it has a tendency towards instability because the hotter fluid is less dense and 
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therefore tends to convect upwards. However, convection only takes place if 
this thermally induced buoyancy can overcome the twin effects of thermal 
diffusion and viscous retardation; this happens when a certain parameter, the 
Rayleigh number (£#), exceeds a critical value (#,). (Mathematically, this is 
known as the phenomenon of ‘ branching’ of the solution of a differential equation, 
at a given value of a parameter.) Then the fluid convects into cells of polygonal 
planform—that is, the flow is periodic in both of the horizontal directions. 
According to linearized theory, the velocity increases exponentially with time 
until it becomes too large for the validity of the linearized theory. On the other 
hand, observations show that, for # > #,, a steady, equilibrium state of con- 
vection exists. A theory in accordance with the latter evidence has been developed 
independently by Gorkov (1957) and by Malkus & Veronis (1958). For a given 
wave-number, they obtained the solution of the non-linear equations as an 
amplitude perturbation about the (neutral) solution (of linearized theory), 
which is valid at the critical Rayleigh number. This procedure yields a solution 
giving a possible equilibrium state of finite-amplitude convection. However, 
they did not show that the amplification of the unstable solution of linearized 
theory, at a given Rayleigh number, does lead to this steady equilibrium state. 
The latter is a problem of showing that the instability of one equilibrium state 
(namely the original layer of fluid at a Rayleigh number above the critical) of 
the fluid leads to another equilibrium state (namely that of steady finite- 
amplitude convection). This aspect of the problem has been studied by Stuart & 
Watson (1960), who have shown that the unstable solutions of linearized theory 
do grow in amplitude until they approach the equilibrium state, at least for 
Rayleigh numbers close enough to the critical. 

The papers of Gorkov and Malkus & Veronis on the one hand, and that of 
Stuart & Watson (1960) on the other hand, illustrate two different approaches 
to the non-linear problem arising from hydrodynamic instability. In the first 
approach, the change of the equilibrium state is followed as the Rayleigh number 
is raised; the question of growth or decay of a disturbance with time is not 
studied. In the second approach, the Rayleigh number is fixed and the develop- 
ment of the solution with time is followed, until an equilibrium state (if one 
exists) is reached. Whichever approach to the problem is used, the equilibrium 
state at a given Rayleigh number is presumably the same. 

It should be mentioned here that, in connexion with the second of these 
approaches, Landau (1944) conjectured that the square of the amplitude (|A|*) 
of a finite disturbance will behave like the solution of the equation 





d| Al? 
an 


where ¢ is the time and k, and k, are constants. This equation gives an approxi- 
mation to the amplitude behaviour discussed in the paper by Stuart & Watson, 
and is the equation also derived by Stuart (1958) from an energy principle. 

In the present paper it is intended to study the non-linear problem arising 
from instability in plane Poiseuille flow by means of the second of the two 
approaches mentioned above. We consider, therefore, the growth or decay of a 
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disturbance in Poiseuille flow at a fixed Reynolds number, the latter being the 
appropriate parameter in this problem. The problem of linearized instability in 
plane Poiseuille flow may be said to be well understood (see, for example, Lin 
1955). The minimum critical Reynolds number, Ujh/v, is about 5780, where U, is 
the maximum speed in the flow, h is half the distance between the two planes and 
vy is the kinematic viscosity. The dimensionless wave-number a at which the 
minimum critical Reynolds number occurs is about 1-02. These calculated 
results were obtained by Thomas (1953) on a digital computer. 

The non-linear problem of instability, when the linearized problem is governed 
by the so-called Orr-Sommerfeld equation (that is, when the disturbance is a 
travelling wave), has been considered by Noether (1921), Heisenberg (1924), 
Meksyn & Stuart (1951) and Stuart (1958). Noether’s paper is concerned pri- 
marily with plane Couette flow, and gives equations for the case in which non- 
linearity is included only to the extent of the Reynolds-stress effect in the 
equation of mean motion; the terms representing the generation of harmonics 
of the basic disturbance are ignored in the analysis. Heisenberg’s paper studies 
similar equations to those of Noether, both for plane Couette flow and for plane 
Poiseuille flow. Neither of the papers mentioned gives solution of the equations 
mentioned: however, Meksyn & Stuart gave an approximate method of solving 
the non-linear equations of Noether and Heisenberg for plane Poiseuille flow, 
and used it to obtain an approximate relation between the critical Reynolds 
number and the amplitude of the disturbance. This relation shows that, as the 
amplitude of the disturbance rises, the critical Reynolds number for instability 
drops. It follows that there may be finite-amplitude solutions of the equations 
of motion at Reynolds numbers and wave-numbers for which the flow is stable 
according to linearized theory. We shall refer to flows which exhibit this 
feature as being ‘subcritical’, or as permitting disturbances under subcritical 
conditions. 

On the other hand, Stuart (1958) has performed a different calculation for 
plane Poiseuille flow, using the energy-balance equation for the disturbance. 
At a given Reynolds number, the disturbance velocity was assumed to have a 
shape (in the space dimensions) given by linearized theory, while at the same time 
having as amplitude an unspecified function of time. The energy-balance equa- 
tion then yielded an equation for the amplitude which showed that, at Reynolds 
numbers above the critical for a given wave-number, an unstable disturbance 
amplifies until it reaches an equilibrium amplitude. We may refer to flows which 
exhibit this feature as being ‘supercritical’, or as permitting disturbances under 
supercritical conditions. 

Clearly the result obtained by Stuart (1958) is different from that obtained 
by Meksyn & Stuart (1951). It is desirable to know whether it is possible for 
both phenomena to exist in the same basic flow or whether one of the results 
mentioned above is a consequence of the approximations made. It was partly 
to resolve this question that the work described in the present paper was con- 
templated. It is our aim here to consider the nature of the limiting non-linear 
solution of the Navier-Stokes equations when the Reynolds number tends to a 
critical value, namely a value for which a disturbance is neutrally stable. A 
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detailed analysis is given which leads to a formidable numerical problem of the 
solution of some ordinary differential equations. The essential result of the 
analysis, barring a particular unlikely contingency, is to show that equilibrium 
disturbances exist either under subcritical conditions or under supercritical 
conditions near to a particular critical Reynolds number. The numerical analysis, 
to which reference has been made, will, when completed, show which is the case. 
In the event of the unlikely contingency mentioned above, the problem would 
be both subcritical and supercritical near to a given Reynolds number. This 
would mean, physically, that non-linear, finite-amplitude equilibrium flows 
could exist both above and below the critical Reynolds number. Furthermore, 
this unlikely contingency would mean that the present limiting solution would 
not be a valid approximation to Watson’s (1960) expansions mentioned below. 

It is to be emphasized that the present paper is concerned only with the most 
important terms in the non-linear solution when the Reynolds number tends to 
a critical value. The related, and important, problem of the development of a 

valid perturbation expansion of the non-linear, time-dependent Navier-Stokes 

equations has been solved by Watson (1960) in an accompanying paper. The 
reader will probably be interested to know of the relevance of the remarks of 
Lin (1958) to the work described in this paper and that of Watson (1960). In 
his paper, Lin made the following statement, which summarized his conclusion 
from some mathematical analysis: ‘One of the purposes of this paper is to bring 
out the remarkable fact, that for disturbances in a parallel flow, all the harmonic 
components simultaneously become important around the critical layer, before the 
amplitude of the fundamental component is large enough to cause any significant 
distortion of the mean flow.’ This statement will be seen to be at variance with the 
results of the present paper, where the basic perturbation is of small order A 
(say), the first harmonic of this and the distortion of the mean motion are of 
order A?, and higher harmonic components are of order A” (x > 3); moreover, 
in comparison with linearized theory, our analysis does produce a significant 
change of the character of the solution, namely the possibility of equilibrium 
states of finite amplitude, without the generation of a large number of harmonic 
components. Therefore Lin’s statement quoted above is invalid because his 
analysis does not encompass all possible disturbances; for example, as we shall 
now show, it ignores some non-linear disturbances of smaller magnitude, 
namely these discussed in this paper. 

In the present work and that of Watson (1960) the non-linear terms become 
significant when they are of the same order of magnitude (A®) as the whole group 
of linearized terms. (The largest of the latter terms are of order A, and the result 
of setting equal to zero the sum of such terms is the Orr-Sommerfeld equation. 
The remaining terms have order A*. For an analogy we may note that, although 
A and (A + A) are both of order A, their difference is A*.) On the other hand, 
Lin studies disturbances such that a typical non-linear term is of the same order 
of magnitude as some linear term; his analysis therefore considers much larger 
disturbances than those of this paper and Watson’s and implies that Fourier 
analysis is not applicable to such amplitudes. For a detailed discussion of these 
matters the reader is referred to §§ 3 and 4 of this paper. 
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2. Basic equations 


Let us consider Poiseuille flow under pressure between two parallel planes, 
which are set at a distance 2h apart. In laminar undisturbed flow, a uniform 
pressure gradient produces a velocity distribution which is independent of x and 
has its maximum value U, at the centre of the channel. In the following analysis, 
the reference length is h, the reference velocity U, and the reference time h/U,. 
We let x denote the co-ordinate parallel to the planes and z the co-ordinate normal 
to them. The corresponding velocity components are u and w, y is the stream 
function and ¢ is the time. 

The governing differential equation of the two-dimensional motion is 


where C=-V*y, (2.2) 
R = U,A/v is the Reynolds number and vy denotes the kinematic viscosity. In 
undisturbed laminar flow, the motion is parallel to the planes and is given by 

a = EP = 1-2. (2.3) 
A bar above a symbol denotes a mean with respect to x, while the suffix / is used 
to denote the case of undisturbed laminar flow. 

Our object is to examine the stability of the velocity profile (2.3) with respect 
to a disturbance in the form of a two-dimensional travelling wave. We therefore 
assume ; 

Ww = Go(z.t) +9, (z. t) exp [ta(x —c,t)] + 9, (z, t)exp[—ta(x—c,t)] 

+ ,(z, t) exp [2ia(x—c,t)] +}, exp [ — 2ix(x—c¢,t)] 

ee (2.4) 
where the symbol ~ denotes a complex conjugate. The quantity « is the (posi- 
tive) wave-number and c, is the wave velocity of linearized theory for given 
and R. The functions ¢ depend on f¢ to account for any growth or decay of the 
disturbance; furthermore, any variation of wave velocity with amplitude is also 
accounted for by the dependence of ¢,. ete., on t. The mean velocity, u = ¢¢,/€z, 
is different from that of laminar flow (2.3) because of interaction between the 
mean flow and the disturbance (see Stuart 1958, p. 3). 

Substituting (2.4) into (2.1) and separating out the harmonic components. 
we obtain 


(w—c,- ©) gj-at¢ )—u"d, + (D1* — 20767 + 244,) 
r x ct 1 1 1 aR 1 1 
= $3(9{ — x74) + 259(d1 — 2°B;) — 285 (3 — 42°93) 


— 3,(¢2 — 42°53) + O(¢2¢s), (2.5) 


(les cae 5) (P2 — 4a°Qq) — u Got 5p (Pz — 8276; + 16249,) 
= — 4(9,9;—- 9191) + O(91 95), (2-6) 
a ae ea ae 
apag taza P11 — 9191) + 21922 — P2P2) + +5 Ra’ (2.7) 
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together with equations conjugate to (2.5) and (2.6) and equations involving 
ds, Oy, etc. Primes denote derivatives with respect to z. Thus, we have an infinite 
set of differential equations for an infinite set of dependent variables, wv, ¢,, do. 
ete. 

Equation (2.7) may be integrated once to give 


Cu ° 6 ’ ’ Oe i , 2 

a ee a {$191 — $191 + 2(p2b2— 9262) +--+} = Rt Roe’ (2.8) 
where the arbitrary function of time (the pressure gradient) has been chosen to 
have the constant value (2/2), which is the value of the pressure gradient in the 


undisturbed laminar flow. A boundary condition on the motion, there, is that the 
externally applied pressure gradient is to remain unchanged, despite any growth 


or decay of the disturbance. (Another possible boundary condition is that of 


constant mass flux; see Watson (1960).) 
The boundary conditions on the functions u and @,, are that 


“u=G,=¢,=0 at z=+Il, (2.9) 


because the velocity must be zero at a solid boundary. Since wv is to be an even 
function of z, it can be seen from equations (2.5) and (2.6) that ¢, may be either 
even or odd, with ¢, correspondingly odd or even. Equation (2.8), and higher- 


order equations for ¢,,, are consistent with this. We shall consider the case of 


¢, even, and then the boundary conditions on uv and ¢,, are 


= =¢’=0 at z=+1 
os ‘ | (n = 1,2,3,...). (2.10) 
eos Pon eee Q2, P= Pan a Pon = 0 at oo oJ 


It is necessary also to specify a condition on the solution of the equations with 
regard to the time dependence. Such a condition may conveniently be referred 
to as an ‘initial’ condition, though we shall find, in some cases, that the con- 
dition has to be applied as t + +00, and is thus a ‘terminal’ condition rather 
than an initial condition. 

Let us consider first the case of a disturbance under supercritical conditions 
(Stuart 1958), that is, one which amplifies for small amplitudes. Our object in 
such a case is to calculate the development of the disturbance with the passage 
of time. A suitable initial condition, therefore, is that the function ¢, shall be 
an exponentially increasing function of t in the limit as t + — 00; in fact, ¢, has 
to be the appropriate function, 1,(z) exp (ac;t), where c; > 0, of the linearized- 
instability theory. 

On the other hand, the situation is somewhat different when we consider a 
disturbance under subcritical conditions; in this case, a small disturbance does 
not amplify, but is damped. There is no question of applying an ‘initial’ con- 
dition, in the sense that it is used in the case of disturbances under supercritical 
conditions. However, we can apply a ‘terminal’ condition, namely that the 
function ¢, shall be anexponentially decreasing function of tin thelimitast— +00: 
by analogy with the supercritical case, 6, has to be the function y,(z) exp (ac;,t). 
where c; < 0, of the linearized stability theory. The problem is to study the non- 
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linear behaviour, at finite values of ¢, of a disturbance which decays to zero, as 
t + 00, through the linearized-stability solution. 

The subcritical problem with a ‘terminal’ condition may, from the present 
point of view, be regarded as the inverse of the supercritical problem with an 
initial condition. In either case, the initial or terminal conditions on the functions 
¢,, (m > 1) and zu follow automatically, when the condition on ¢, is specified, 
if the solution of equations (2.5), (2.6), ete., is expanded in powers of exp (ac; ft). 
Such an expansion is presumably valid for small amplitudes, that is for 


(i) c,; >0,t+-—ox, and (ii) c; < 0, t++a. 


Linearized theory 
The linearized theory of instability is based on the neglect of all terms which are 
quadratic in the functions ¢,. ¢,, etc. Then, because of linearity, ¢, may be 
assumed to be proportional to exp (zc;t). If we write 
O,(z,t) = Cexp (ae; t) y,(2). (2.11) 
equation (2.5) reduces to the Orr-Summerfeld equation 
t LIV ed 4,/ 2.12) 
(yy. —2a*yi+aty,) = 0. (2.12 
2R Vi ri ri 
The appropriate solution of equation (2.8) is the steady, laminar flow %, = 1—z 


because, with the Reynolds stress neglected, there is no reason for % to vary with 
time (Cu ct = 0). The boundary conditions for the solution of (2.12), namely 


Ly, = (%—¢, —t¢;) (Wp — 27.) — ty + 


9 
« 


5 eth Sali at z=+1,) (2.13) 

yi=yr=0 at z=0, J 
define an eigenvalue problem for x. R, c, and c;. The (complex) eigenrelation 
vields two real relationships between these four quantities. If c,; is specified, a 
and R (say) are each known as functions of c,. For the case c; = 0, a plot of a 
against R yields a curve of ‘neutral stabilty’ (see figure 1). Within this curve 
c, is positive and the disturbance amplifies; the flow is therefore unstable. Out- 
side the neutral curve, c; is negative and the flow is stable. 

For full details of the theory, the reader is referred to the book by Lin (1955). 
and to the reference papers given there. A paper of particular interest for our 
present purposes is that of Thomas (1953), who solved (2.12) on a digital com- 
puting machine and obtained several sets of eigenvalues. The critical Reynolds 
number was found by interpolation to be R, = 5780 at z = 1-02. Furthermore. 
Thomas calculated the eigenfunction, 1,(z), for the case 


a=1, R=10'. c.=0-2375, c, = 0-0037 


(see figure 1 of Stuart 1958). 

In the present paper we shall refer to the inside of the neutral curve described 
above as the supercritical region, because the disturbances there amplify for 
small amplitudes. The region outside the neutral curve (particularly, the region 
to the left of the neutral curve) will be referred to as the subcritical region. 
because the disturbances there decay for small amplitudes. 
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A possible way of obtaining a formal solution of equations (2.5), (2.6), (2.8), 
etc., and thereby of generalizing the solution of linearized theory, is to expand 
the solution in powers of exp (ac,t). This expansion is likely to be valid provided 
the latter function is small; in the supercritical case, c; > 0, this implies ¢ > — 00; 
whereas, in the subcritical case, c; < 0, it implies t > +00. 

It is readily seen that such an expansion of the solution would lead to series 
of the form 

P,(z,t) = Wy,(z) exp (ae; t) + W44(z) exp (3ac,t)+..., | (2.14) 


o(z,t) = Yroo(z) exp (2ac;t) + Yoy(z) exp (4ac;t)+..., 
and it is abundantly clear that the series diverge when exp (ac,t) is large. In the 


supercritical case, c; > 0, this happens when t > +0 whereas, in the subcritical 
case, c; < 0, it happens when t > —o. 


c, <0 


damped 






amplified 








FIGURE 1. Neutral curve. 


It may be said that a principal object of the present paper, and that of Watson 
(1960), is to devise a form of expansion which is valid at all times and which yields 
an equilibrium state, if one exists. Such an expansion involves, formally, a 
rearrangement of the terms in the series (2.14). The present paper shows how the 
leading, dominant, terms of such a new expansion may be obtained, while the 
paper by Watson (1960) develops a rigorous expansion of the solution of the 
Navier-Stokes equations. 


3. A simplification of the non-linear problem of instability in the limit 
of small amplification or damping 

A glance at equations (2.5), (2.6), (2.8) and the corresponding equations for 
the higher harmonics shows that an attempt to obtain a solution of the general 
problem, involving an infinite set of differential equations, would present 


considerable difficulties. For this reason, it seems worth examining whether 
there is some limiting state, as a characteristic Reynolds number is approached, 
for which the infinite set of differential equations may be reduced to a finite set. 

In a recent paper (Stuart 1958) it is suggested that there may be an equi- 
librium solution of the equations, the square of whose amplitude is proportional 
to the difference between the actual and critical Reynolds numbers, provided 
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this difference is small compared with the critical Reynolds number. We shall 
therefore examine (2.5), (2.6) and (2.8) on the assumption that the amplitude 
(of ¢,) is never of greater order of magnitude than (R—R,)!, where R, is the 
critical Reynolds number (for a given wave-number, «). It is more convenient 
to regard ¢, as of order ct. (It is known from linearized theory that c; is propor- 
tion to R—R,.) We also assume that ¢/¢t is never of greater magnitude than c,, 
which is its order of magnitude according to linearized theory. 

Consider first equation (2.6); since ¢, is of order c}, it can be seen that ¢, is of 
order c,. (We return later to a discussion of the terms of order 4,43.) Moreover, 
it can be seen from the related equation for the function ¢, that ¢, is of order 
ci. From the mean motion equation (2.8), it can be seen that the distortion of 
the mean flow (F = u —%,) is of order c;; this arises from that part of the Reynolds 
stress which involves products of ¢,. Thus we have the following orders of 
magnitude: 

Q, ~ ct; go~e;; O3~ ch; F=u-%~ec,; 6/et ~ ¢;. (3.1) 


Now consider the higher-order terms in equations (2.5), (2.6) and (2.8) when 
c; > 0. Inequation (2.5) the terms O(¢, 43) are of order c}, and so can be neglected 
compared with the dominant terms (¢, ¢,) on the right-hand side, since the latter 
are of order c?. Although the (linear) terms on the left-hand side of equation (2.5) 
appear, at first sight, to be of order c, we shall show shortly that they are of 
order c?, and therefore are balanced by the dominant terms on the right-hand 
side of (2.5). In equation (2.6) the terms O(¢,¢,) are of order c?, and can be 
neglected because they are of higher order than the dominant terms (of order c;) 
on the right-hand side. Furthermore, in equation (2.8) the terms cu/ot and the 

Xeynolds stress-term involving the square of ¢, are both small (of order c?) 
compared with the dominant Reynolds stress-term. A most important result 
of the above estimate of orders of magnitude is that the functions ¢3, ¢4, etc., do 
not affect the three equations (2.5), (2.6) and (2.8) in the limit as c; > 0. We may 
therefore terminate the Fourier series after the ¢, term, and the equations 
governing the problem become 

. pay 


a 0 ” 9 ” 
(a -¢,-*5) (fj — 27,) —u Pit plAr 
= $3(${ — 2d,) + 262(h1 — 2B;) — 293(d2 — 407bo) — Gy(G2 — 4073), (3.2) 


ou” 


Dey? 4d 
— 2079) + a49,) 


(%—¢,) (P2 — 4072) — Ui Go + ; 


= — 4(191— $191). (3.3) 
Opt tee ee 
it~ {PiP1— P19 = pt pay: (3.4) 


These three equations, together with the complex conjugates of (3.2) and (3.3). 
form a set of five equations for the five functions ¢,, ¢,, do, d. and w. 

In equation (3.3) the terms proportional to u—%,, to c; and to @/¢et have been 
omitted because such terms are of order c? and therefore of higher order than the 
terms retained. We turn now to a study of equation (3.2). According to the 
linearized instability theory the sum of the (linearized) terms on the left-hand 





362 J.T. Stuart 


side of the equation is equal to zero. Within the framework of the present theory, 
this condition is replaced by the feature that the set of linearized terms is 
balanced by a set of non-linear terms which are of smaller order (c}) than ¢,, 
which is of order c?. This apparent disparity in orders of magnitude can be 
resolved in the following way. If we seek a solution of the form 


¢, = A,(t) yy(z) + O(c), (3.5) 


where A, is of order c}, then we wish to ensure the cancellation of terms of order 
c}. This can be achieved by choosing y,(z) to be the normalized stream function 
of linearized theory, and then the next higher-order terms in (3.2) are of magni- 
tude c?. A method of calculating the term of order c} in (3.5) is given in § 4. 

Before proceeding to further study of the solution of equations (3.2), (3.3) 
and (3.4), it is desirable to discuss the restrictions on the magnitude of c; which 
are necessary if our approximations are to be valid. In this connexion, it will 
be noticed that because («R)~! is very small (of order 10-4) and multiplies the 
highest derivative of equation (2.12) the solution of that equation has a ‘near- 
singularity’ at the point where u = c,+ic;; this is the so-called ‘critical’ layer 
(Lin 1955). It is known from the linearized instability theory that this layer of 
rapid change of velocity has a thickness of order e = («R)-*. The existence of 
the critical layer is naturally relevant to the way in which the factor 

u—c,— (t/a) 6/et 

is treated in the non-linear analysis leading to equations (3.2) and (3.3). It seems 
likely that any change (of order c;) in the position of the critical point, due to 
change of u and c,, must be very small compared with the magnitude of the 
thickness of the critical layer. This suggests that the Fourier expansion (2.4), 
of which (3.2)-(3.4) forms the basic approximation, will converge provided 


¢, < (aR). (3.6) 


If this condition is satisfied the treatment of the left-hand side of (3.2) and the 
neglect of w—u, and ¢/ct in equation (3.3) are likely to be valid. A discussion of 
the range of Reynolds numbers and wave-numbers for which (3.6) is valid is 
given in § 6. 


4. A method of solution of the basic non-linear problem in the limit 
fe =>) 


We look for a solution of equations (3.2), (3.3) and (3.4) in the form 


9; = Ay(t) Wy(2) + Ant) Yirl2), 
Pz = Aj(t) W2(z), | (4.1) 
u = U,+A,A, f(z) = 1-22 + A, 4, fe), 


where A, is of order ch and A 11 18 of order c}. Although in the limit c; > 0, only 
the first term of ¢, is important, both are of importance for the solution of the 
differential equation (3.2). This is because the term y,(z) is the eigenfunction of 
linearized theory for the given « and R, so that the order of magnitude of terms 
on the left-hand side of (3.2) arising from A, y, is only c}, terms of order ct having 
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cancelled; on the other hand, the term A,,%/,, must be retained on the left-hand 
side of (3.2) because its order of magnitude is already c#, and is not altered because 
1, is not an eigenfunction. The assumption (4.1) has been generalized by Watson 
(1960) into a valid expansion. 

Substituting (4.1) into (3.2), (3.3) and (3.4), and using (2.12), we obtain 


= A?4,9(2), (4.2 
a oF —t 4 d , ’ 7 , / a ! pi 
(4) — C,) (Y_— 40*Yg) — Uy Yo + oak (WhY — 8a2 + 16a4y,) = —3(Wi i -— nin), 
(4.3) 
. ee i, 1 d*f 
ia With — vat} = Rdz’ (4.4) 
The function g(z) in (4.2) is defined by 
gz) = Wai — ay) + Ayal — 274) 
— 2474 (Wa — 40? ye) — Yap — 4007p) 
fi -— Cy) +f'Vr- (4.5) 
We also write g,(z) = We —- ayy. (4.6) 


[t will be noticed that the function y,, is of importance only in certain terms on 
the left-hand side of (3.2), and can be ignored on the right-hand side of (3.2) and 
in (3.3) and (3.4), because there it yields terms of higher order. The boundary 
conditions may be obtained from (2.10) and are 


P / = we = 7 = yy’ =v, = yi = 0 at 2=:F. 

eS he edie } a 
fawWa=h =¥n = ¥n = ¥2=%2=0 at z=0. 

Once the eigenvalue problem (2.12) has been solved for given « and R, so that 

c;, ¢, and y, are known, equations (4.3) and (4.4) may be solved for y, and f. 


Thus for f we have 


f= iak | With—Hirhdde (4.8) 
1 


which is a real function of z. Knowing y,, y, and f, we may then evaluate g(z) 
and g,(z) from (4.5) and (4.6). 
To solve equation (4.2), we look for a separable solution and write 


g = kg,(z) +h(z). (4.9) 

A,,(t) = A?A,, (4.10) 

where & is a complex number to be determined. [Another way of approach to 

this notion of separability is to look for a solution in which an equation of the 

form (4.12) is valid, since such an equation is related to the solution derived 

physically in the paper by Stuart (1958). The assumption (4.9), in which g(z) 
has a part proportional to g,(z), then follows automatically.] 
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We then have 
i idA 
(ic. — 5 Ge bATA,) onl 
‘ ” 2,1 "ot v y ‘ ” I 
F Aga] (a —C,) (Wir — 47°41) — UY Way + an (Wit — 2a2yy, + afyy,,) — ne)| = 0. 
(4.11) 


Equation (4.11) will be solved if the following two ordinary differential equa- 
tions are soluble subject to the boundary conditions 


A 
— = ac,A,+iakA?A,, (4.12) 
” oF ys a 4 ¢ ” , 
(u,—C¢,) (Wu — a7) — Y Wut pit — 207, + a4yhy,) = A(z) = 9 — kg. 
(4.13) 


Equation (4.12) and its physical implications will be discussed in the next 
section, but first it is necessary to show how equation (4.13), together with its 
boundary conditions (4.7), leads to the determination of k as well as y,,(z). 

An apparent difficulty in the solution of (4.13) is that because c; is very small, 
the form of the left-hand side of (4.13) differs only by a small term, of order c,, 
from the form of (2.12). Consequently, one part of the complementary function 
of (4.13) differs from the normalized eigenfunction, y,(z), only by a term of 
order c;. Since the boundary conditions on y, and y,, are the same, the problem 
of the determination of y,, is ill-econditioned. Watson (1960) has shown that the 
proper solution of this problem lies in considering the equation obtained by adding 
to (4.13) appropriate terms of order c,, to yield 


v . 
re i ” 2,/, ” I é 2,/-" ‘ _— i 
Li, = (um —¢,— t¢;) (Yn -—e Wy) -— Vi +P (War — 20?Yqy + 2aty,,) = 9 —kgy. 
(4.14) 
The boundary conditions are 
/, Le 
Yu=Y¥yn=90 at z=1, : 
, : (4.15) 
Wi=%n =90 at z=0.J 


We may now determine *& together with three constants of the complementary 
function, but not the constant multiplying the eigenfunction y,. 

In order to solve this problem most efficiently we need to consider the adjoint 
system to (2.12) and (2.13). The adjoint equation (cf. Ince 1956, pp. 210-14) is 


pow — 292" +a4@) = 0, (4.16) 


and the adjoint boundary conditions (cf. Ince 1956, pp. 210-14) are 


O®=@'=0 at z=i, ®’=@"=0 at z=0. (4.17) 


L® = (u,—c,—ic,) (®” —a?@) + 2u; O' + _ 


For the case uv, = 1 —2?, it can also be shown that, if the general solution of (2.12) 
is ¥, = W,, then the general solution of (4.16) is ®, = yj,—a?y,,. Further- 
more, (4.16) is the perturbation vorticity equation, though the conditions (4.17) 


are not the normal boundary conditions on vorticity. 








be 
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If we multiply (4.14) by the solution ® of (4.16) and (4.17), and integrate 
between 0 and 1, we may easily show that the left-hand side yields 


1 1 - 
| OLy,,dz = i Wy, LOdz. (4.18) 
0 0 


This is identically zero by (4.16), so that the right-hand side gives 


rl 
®(g —kg,) dz = 0. (4.19) 
/0 
1 
[ Ogdz 
Thus k=<3 (4.20) 
| @q, dz 
0 


Having determined 4, we may obtain the solution of (4.13) and (4.14), except 
for the addition of an arbitrary multiple of the eigenfunction. 
It should be borne in mind that complications arise if 


rl 
| ®g,dz = 0. (4.21) 
70 


In this unlikely case the present analysis is no longer valid, and it is necessary 
to use an expansion of the kind discussed by Watson (1960, equation (2.1.20)). 
This and other aspects of the problem receive detailed attention in Watson’s paper. 

It should be noted that the value of k given by the above analysis will, in 
general, have a finite value on the neutral curve (c; = 0); moreover, as shown in 
§5, the sign of the imaginary part of k is of great importance in determining the 
physical nature of the solution. The problem of the solution of (4.14) may be 
reformulated slightly, if desired, by expanding a, c,, R and yy, about a point on 
the neutral curve, in which case the number k is independent of c,. 

It is intended to carry out the calculations necessary for the determination of k. 


5. The differential equation for disturbance growth 


Consider equation (4.11) and its complex conjugate, namely 


ss = ac;A,+iakA?A,, (4.12) 
oe = ac, A, —iakA?A,, (4.12a) 


where the parameter k may now be regarded as determined by the method 
described at the end of the last section. If we multiply (4.12) by A,, (4.12a) by 
A, and add, we obtain 
d|A,|? 
dt 
where k, is the imaginary part of k. This equation has been discussed by Stuart 
(1958), with special reference to the case ac; > 0 (instability for small disturb- 


= 2ac;|A,|?—2ak,|A,|4, (5.1) 





ances). The solution is c,C exp (2ae,t) 
TF OR rns sis, it scene. : 5.2 
|A,| 1+k;C exp (2ac,t)’ a) 


where C is an arbitrary (real) constant. 
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If c; > 0, which implies that the Reynolds number is greater than the critical 
value for the given values of «, it is clear that the solution (5.2) has a meaningful 
equilibrium value (|A,|? > 0) if k; > 0; in this case (figure 2) the disturbance 
amplifies in the way predicted by linearized theory (|A,|? ~ exp (2ac;t)) at 
t = —o, and tends to the equilibrium value |A,|? = ¢,/k; as t > +00. If k; < 0 
there is no equilibrium amplitude, because | A,|? must be positive. In either case, 
(5.2) gives a correct prediction only for such values of ¢ that |A,|? is bounded 
and of order c¢;. 














t 
FicurE 2. Growth of amplitude in supercritical case. 
po alll | 4 i 
a OE iiiaioies | leg\/|R; 
| 
<0 
t 


FiGuRE 3. Growth of amplitude in subcritical case. 


On the other hand, if ¢; < 0 the solution (5.2) has a meaningful equilibrium 
value if ki <0; the disturbance (figure 3) takes on the equilibrium value 
|A,|? = |e; |/|k;| at £ = —oo, but the equilibrium is unstable. If the amplitude is 
slightly ‘tal than this equilibrium value, the disturbance decays to zero ampli- 


tude via the damped solution of linearized theory (|A,|? ~ exp (— 2a |e,| t)) 
However, if the amplitude is slightly greater than the equilibrium value the 
disturbance grows in amplitude. Equation (5.2) does not indicate what happens 
to a disturbance which grows in this way, because according to (5.2) the ampli- 
tude tends to infinity and is not restricted to the amplitude range |A,|? ~ ¢;. 

If we now multiply equation (4.12) by 1/4,, equation (4.12a) by (—A,/A?) 





and add, we obtain d (A, 
=| = 2ik,aA? 5.3 
dt (7) ii en 
where k, is the real part of k. Equation (5.3) may be solved to yield 
= ais | {Siak | 14 Pat} ; (5.4) 
: to 


Ay 
where f, is an arbitrary (real) constant. By multiplying (5.4) by |A,|* and taking 


the square root, we obtain 


A,|?< at). (5.5) 





A, = |A,| exp ink, [i 
where |A,| is given by (5.2) 


In interpreting (5.5), we consider first the case c; > 0, k; > 0. When t -> —«, 


A, > |A,| e’” = (c,C)t exp (ac,t + iy), (5.6) 








de 
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where y is a number, independent of ¢ but dependent on ¢,. On the other hand, 
when t +> +00, } 
C; ad 

A,> (; exp 


where ¢, is an arbitrary phase (which is related to the arbitrary number f,). 
The importance of formulae (5.6) and (5.7) lies in the fact that they show that, 


iak.c; , — 
. (t a) (5.7) 





if A; is non-oscillatory at t = —0oo, it develops a fluctuation as ¢t progresses and 

has the limiting form (5.7) as t-> +00. Using (2.4) and (4.1), we see that (to 

rder c} . } . no 

order ci) 4, (2,t) exp [ia(w—c,t)] = A,(t) y(z) exp [ix(e—c,)] (5.8) 
has the limiting forms 

c}(C8 et”) y, exp [ia(a—c,t—ic,t)] as t-> —0, (5.9) 

C; h P f. kc; | ~ 
and k W,(z) exp \*@ %— | ¢,— (¢—t,) | as t—> +00. (5.10) 


Formula (5.9) is merely the amplifying disturbance of linearized theory, with 
Ct e‘y the arbitrary amplitude factor. Formula (5.10) shows that in the ultimate 
equilibrium state the wave velocity is 


c = ¢,-—*. (5.11) 


It will also be noticed that there is an arbitrary phase (¢,) in the fluctuation. 
For the case c; < 0, k; < 0, we can obtain similar results to those given above; 
we find, in fact, that (5.8) has the limiting forms 


(c,C)4 ef” w,(z) exp [ta(a—c,t—ic;t)] as t—+ +00, (5.12) 


4 k 

c,|\2 , ; . |e, aa 

and (i ') W,(z) exp ia 2 (<,- | ) (t -')| as t—->—o. (5.13) 
[ei ]/ i 

Equation (5.12) is the damped linearized solution, with (c;C)? e*” as the arbitrary 

amplitude factor. Formula (5.13) shows that, in the (unstable) equilibrium state 

at t = —oo, the wave velocity is 

c, 


at (5.14) 





k 

a 

Cre = Op — 
|e; 
It should be appreciated that, in the present paper, only a limiting non-linear 
solution (as c; > 0) has been obtained; no attempt has been made to develop 
a perturbation series. This, however, has been done by Watson (1960), who has 
shown that equation (4.12) has to be replaced by a generalized version, namely 


dA, 


= A,(ac;+a, 





A,|?+a, 





A,|*+...), 


where a@,, a, are constants to be determined in a way similar to that in which it is 
suggested that / be determined in the present paper. 


6. Discussion 


As described at the end of §3, a condition for the validity of the solution 
described in this paper and in that of Watson (1960), is that the parameter 
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% =c,aR)! must be sufficiently small compared with unity. Although the 
solution has been derived and explained in this paper on the basis of c; — 0, it 
should be recalled that this condition has to be interpreted in terms of the 
parameter #; in fact the expression c; > 0 means ‘for sufficiently small values 
of 3’. We can evaluate # for various wave-numbers and Reynolds numbers by 
reference to the calculations of Thomas (1953) and Shen (1954). The minimum 
critical Reynolds number occurs at R = 5780 for « = 1-02. Calculation shows that 
} is about 0-08 at a = 1, R = 104; & = 0-269 at « = 0-77, R = 5-6 x 104; # = 0-32 
at a = 0-7, R = 12-5 x 104. These values of # are approximately the largest at 
the given values of &. From these and other results it seems that Watson’s 
series will probably converge over the whole wave-number band within the 
neutral curve for a wide range of Reynolds number, certainly up to R = 104 
and possibly to R = 12-5 x 104. The method of the present paper is also likely to 
be a good approximation within the neutral curve up to R = 104 (which is about 
twice the minimum critical Reynolds number), and possibly even to higher 
Reynolds numbers. Thus, at a given Reynolds number in the supercritical range 
from R = 5780to R = 10 or 10°, we may expect the method of solution described 
in this paper and in Watson’s to be a valid means of calculating equilibrium 
states, if they exist, for the whole band of unstable wave-numbers. 

At lower Reynolds numbers, where the flow is stable according to linearized 
theory. Thomas’s calculations yield 


%=-—0-152 at R= 2500, a=1-1; 
1-1. 


%=-0-248 at R=1600, a 


Thus one would expect to be able to calculate subcritical equilibrium states, if 


they exits, fora large range of Reynolds numbers (possibly down to R = 2500 and 
below); but the band of wave-numbers is relatively narrow. 

The approximate calculation of Meksyn & Stuart (1951) led to the evaluation 
of subcritical equilibrium states in the range of Reynolds number down to about 
3000. In that paper the movement of the ‘critical’ point (wv = c) was of order 
one-eighth of the thickness of the critical layer. Consequently, the present 
method can be expected to show the validity or otherwise of the method used in 
the earlier paper. 

The differential equation (5.1) for the square of the modulus of the disturbance 
amplitude can be shown to be an energy-balance relation for the fundamental 
(¢,) disturbance, in which the rate of increase of disturbance energy equals 
the net flow of energy to the fundamental less the viscous dissipation of energy. 
If we define w’, w’ to represent the velocity components of that part of the dis- 
turbance which has odd wave-number (a, 3a, etc. of (2.4)), and w”, w” to repre- 
sent the velocity components of that part of the disturbance which has even 
wave-numbers (2a, 4a, etc.), then it can be shown that 

1 pp . n oP [Dat  Aat 
: | | }(u’2 + w’?) dadz = | (- u'w') dadz— | ( wiles ) ded: 
ct JJ ~ cz RY ox =z 


ve 


i ou §6=s,_, fou” — Ow" : 
-{| (w'?- w’?) a +u w'( a + =) | dxdz, (6.1) 
Cat : @ 
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where the integration ranges over one wavelength (27/«) and between the 
planes. This equation states that the rate of increase of energy in the ‘odd’ 
part of the disturbance (w’, w’) equals the rate of transfer of energy from the mean 
motion, less the rate of dissipation of energy, less the rate of transfer of energy 
from the ‘odd’ to the ‘even’ (w”,w”) part of the disturbance. To the order of 
approximation of this paper w’, w’ are given by the stream function ¢, of (4.1), 
and wu”, w” by the stream function ¢,; thus (6.1) is an equation for rate of change 
of energy of the fundamental. 

By substituting (2.4) and (4.1) into (6.1), with appropriate definitions of the 
velocities in terms of the stream functions, we can obtain 


d|A,|? 


a? 2ac; |A,|? + (ky + ke + kg) |Ay|*, (6.2) 


where some terms of order c; in the coefficient of |A,|* have been ignored (to- 
gether with higher power of |A,|? in Watson’s expansion), and 





te D \ gr > 
k= ko { (iw WW) f dz, (6.3) 
k _ te " (ay! Frey rr eh OY By 3 a 4, Wp? 2 __ Tw ope y,) os (6 4) 

on a “YoY tT Yori Yi — Yor — YoY Yr) &, . 


21a 7 ry 3 Le ro a. 8 
kg = ko ada t ta Hida via) ede 
~% 2 1— %7yh;) ) (Wi, — yy) + (V4 


ko i [|yi2+ 2? yy [2] de. (6.6) 
0 


ll 


Comparison with equation (5.1) suggests that 
— 2ak, = ky +ka+ks, (6.7) 


and in fact this relation can be deduced mathematically from the equations of § 4. 

The three parts of the coefficient of the fourth power of (6.2) arise from the 
following physical processes: 

(i) the distortion of the mean motion (k,); 
(ii) the generation of the harmonic of the fundamental (k,); 

(iii) distortion of the fundamental, with regard to its dependence on z (ks). 

It is instructive to consider the signs of the coefficients k,, k, and k,. Substitution 
of (4.8) into (6.3) shows that k, is negative, this term being exactly the one 
calculated as the coefficient of |A,|4 in the energy-balance method (Stuart 1958). 
(In the derivation of (4.8) terms of order c; were omitted, so that /, has an error 
of order c;; this is negligible to the order we consider, since terms of order c? in 
(6.2) are omitted.) It is now seen that if /, alone is retained, as in the energy- 
balance method, we must obtain a supercritical equilibrium state. 

The estimation of the signs of k, and k, is more difficult, and it does not appear 
to be possible to do more than speculate. It seems likely that k, will be negative; 
it represents flow of energy from the fundamental to the first harmonic, which is 

24 Fluid Mech. 
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maintained only by this energy flow. The coefficient k, represents the modifica- 
tion to the net energy flow into the fundamental, due to z-distortion of the 
fundamental; the author knows of no argument which would suggest the sign 
of k,. (It may be noted that the paper of Meksyn & Stuart (1951) included pro- 
cesses (i) and (iii) approximately but excluded process (ii).) 

The net effect of the three processes described above can only be obtained by 
completion of the calculations described in this paper. However, it is possible 
to say that, if a subcritical equilibrium state is to be obtained, k, must be positive 
and must outweigh the combined negative effect of k, and k,. It is felt that a 
major contribution of this paper and of Part 2 is that all the physical processes 
described above are included in mathematical form. 

The extension of the above analysis to include three-dimensional effects has 
been described elsewhere (Stuart 1960). 


The author is greatly indebted to Mr J. Watson for many helpful ideas and 
suggestions. This work was done as part of the research programme of the 
National Physical Laboratory and is published by permission of the Director. 
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On the non-linear mechanics of wave disturbances in 
stable and unstable parallel flows 


Part 2. The development of a solution for plane Poiseuille 
flow and for plane Couette flow 


By J. WATSON 


National Physical Laboratory, Teddington, Middlesex 
(Received 1 June 1960) 


In Part 1 by Stuart (1960), a study was made of the growth of an unstable in- 
finitesimal disturbance, or the decay of a finite disturbance through a stable 
infinitesimal disturbance to zero, in plane Poiseuille flow, and that paper gave 
the most important terms in a solution of the equations of motion. The greater 
part of the present paper is concerned with a re-formulation of this problem which 
readily yields the complete solution. By the same method a solution for Couette 
flow is obtained. This solution is only a formal one for the present because the 
conditions imposed in deriving the solution may not be valid for Couette flow; 
this flow is believed to be stable to infinitesimal disturbances of the type 
considered. 


1. Introduction 

The object of this paper is to extend Stuart’s work in Part 1 (1960) to give the 
full solution and to apply a similar analysis to give a formal solution for plane 
Couette flow. The analysis presented is a modification and extension of that used 
by Stuart. Briefly the method used is to represent the stream function by a 
Fourier series in the co-ordinate parallel to the direction of flow and equate each 
component, giving an infinite set of partial differential equations in two variables. 
This infinite set of equations is then solved by assuming a separable solution, 
thereby reducing the set to one involving only ordinary differential equations, 
some of which are solved by the method of perturbations, using c,; as the small 
parameter. The most important concept introduced by Stuart and used here is 
that, in the separable solution mentioned above, an undetermined time amplitude 
function replaces the exponential function of linear theory and this amplitude 
function is chosen to make the series converge for a greater range in time than 
the range for which the linear theory may be said to be valid. In other words, 
by this choice of the time amplitude function the major terms in the solution will 
represent the behaviour of the disturbance for a greater range in time than does 
the linear disturbance. 
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2. Fourier analysis of governing equations 


The Navier-Stokes and continuity equations for two-dimensional, incom- 
pressible flow between parallel planes may be written in the form 


1 
Uy + UU, + WU, = —P2t 7 (Ure + Use), (2.1) 
1 99 
y+rUw, + Www, = — Pet (Wrz + Wes); (2.2) 
u,+w, = 0, (2.3) 


where x denotes the distance parallel to the planes, z the distance normal to them 
measured from the channel centre, wu, w the corresponding velocity components, 
p the pressure, & the Reynolds number and ¢ the time. The suffices indicate 
differentiation. All quantities have been made non-dimensional, the reference 
length being half the distance between the planes (h), the reference velocity being 
the maximum velocity in steady flow (U,), the reference time being h/U,, and the 
reference pressure being pU?, where p is the density of the fluid. The Reynolds 
number is R = U,h/v, where v is the kinematic viscosity. The fundamental 

solutions for steady flow are as follows: 
(i) For flow under a pressure gradient between fixed planes (plane Poiseuille 
flow), 
u=1-—2z?, w=0, =—, —p,=0. (2.4) 


(ii) For flow under no pressure gradient between the planes in constant 
relative motion (plane Couette flow), 


u=2z, w=0, —p,=90, —p,=9. (2.5) 


In case (i) the type of infinitesimal disturbance considered is one which is travel- 
ling in the direction of flow (in the positive x direction) having a stream function 
of the form 

ve = Cyr,(z) exp [ia(a —ct)] + Cyy,(z) exp [ — ia(x —ét)], (2.6) 


f 
where c = ¢, +c; (c, > 0), the symbol ~ denotes a complex conjugate, and C is 
an arbitrary constant. 

In case (ii) the type of infinitesimal disturbance considered is composed of two 
disturbances travelling in opposite directions with stream function of the form 


+ Cyy,(—z) exp [ia(x + é)]+Cy,(—z)exp[—ia(x+ct)], (2.7) 


where C is an arbitrary constant. It is found that in turbulent Couette flow the 
mean flow is antisymmetric so that although a disturbance of the form (2.6) is 
possible, it would not in general lead to an antisymmetrical mean flow while 
(2.7) does. 

The linear equation for y,, together with the homogeneous boundary con- 
ditions corresponding to the vanishing of the velocity components on the planes, 
constitute an eigenvalue problem to determine c as a function of a and R. There 








Va 
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will in general be a sequence of values of c and of corresponding eigenfunctions, 
y,, for given a and R. In case (i) for given a, R in the supercritical region it 
appears that there is only one unstable infinitesimal disturbance, that is, there 
is only one eigenvalue c with c; positive; furthermore, this corresponds to an 
eigenfunction which is an even function of z. Now in the non-linear theory the 
convergence of the solution obtained is expected to be most rapid when that c is 
chosen where c; has the smallest magnitude. To this eigenvalue corresponds an 
eigenfunction and the associated infinitesimal] disturbance is used as a basis in 
the non-linear theory. It might be expected that the desired eigenvalue c in 
subcritical Poiseuille flow corresponds to an eigenfunction which is even in z. 
Accordingly, for this flow, that infinitesimal disturbance is chosen which has 
the algebraically largest value of c; for even eigenfunctions. 

The stream functions representing infinitesimal disturbances in Poiseuille 
and Couette flow both involve the sum of terms of the form f(z, t)e'** and 
F(z, t) e-‘**, These stream functions satisfy the linear equations exactly but when 
the non-linearity of the equations is not neglected each disturbance reacts with 
itself and with the main flow, generating higher harmonics of the form 


f(z.th}e"= («= +2, +3, «..). 


It therefore appears permissible to expand the stream function of the flow when 
non-linearity is included as a Fourier series in x. 
Let the stream function for the flow be represented as the Fourier series, 


«© 


yy(a,z,t) = +9’ = A(z,t)+ = {bn (z, t) em*9= + B,,(z, t) e-riaz}, (2.8) 


n= 


@ 
Then w= t+’ = u(z,t)+ > {u,(z,t)e™** +4, (z, the}, (2.9) 
n=1 
= . * 
and w=w = ¥ {w,(z, te "+a, (2,d)e-™}, (2.10) 
n=1 
where u(z,th=¢,, us(z,th=¢,, w,(z,t)=—niad, (n> 1). 


In linearized theory ¢ represents the steady stream function and the other part 
of the right-hand side of (2.8) reduces to (2.6) or (2.7), which represents the 
disturbance stream function. In the non-linear theory the sum on the right-hand 
side of (2.8) represents the finite disturbance while ¢ is the mean stream function, 
where the mean is taken with respect to x over the wavelength of the disturbance, 
27/a. The expressions (2.9) and (2.10) are to be substituted into (2.1) and (2.2), 
and the Fourier components are to be equated. In order that the pressure 
gradients shall balance the remaining terms the pressure must be of the form 


p = xp*(t)+ p**(z,t) +p (2, z, t) 
= xp*(t)+ p**(z,t)+ ¥ {p,(z,t) e+ p,(z, t) em}. (2.11) 
n=1 
The conditions to be applied are (i) that the mean velocity % assumes the same 
values on the walls as does the undisturbed velocity, (ii) that the disturbance 
velocities, wu’, w’, vanish at the walls, and (iii) that a suitable condition on the 
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mean pressure gradient in the flow direction or, equivalently on the mean velocity. 
Hence, for Poiseuille flow, 


n? 


u, u w,=0 at z=+1 (n=1,2,...), 
1 


or U, Pune Pn =O at 


x 
II 
I+ 


and, for Couette flow, 


PGng=G,=90 at z=+1 (n=1,2,...). (2.13) 


Substitute (2.9), (2.10) and (2.11) into (2.1) and (2.2) and equate components. 
The equations arising from equating the terms independent of x are equivalently 
found by taking the mean of equations (2.1) and (2.2), and these are (Stuart 
1956 a, b) 


U,+u'ul+w'u, = —p*+ z lise. (2.14) 
uw, +w'w, = — p**. (2.15) 
It is readily seen that these may be written in the form 
U,+(u'w’), = —pt+ ple (2.16) 
(w’?), = —p*. (2.17) 


The terms (u’'w’), and (w’2), are the Reynolds stress terms and they represent 
the effect of the disturbance on the mean motion; in the linear theory they are 
neglected. The disturbance equations are found on subtracting (2.14) from (2.1) 
and (2.15) from (2.2) and they are (Stuart 1956 a, b) 


1 

, , Mme Bae , , u 6 
UW +UUu,+wUu,+X, = — Pz t 7 (Ure + Use), (2.18) 

nd "id , { 1 y/ : 9 
Ww, +UW, + Xe = —Pz+ (Wirtz); (2.19) 

. eee eae GOST ES RE Oe o<¢ 

where X1 = WU, + wu, — wu, —w'U,, (2.20) 
Xe = ww) t+w'w,—u'w),— ww. (2.21) 


The quantities y, and y, are the non-linear parts of the disturbance equations 
and they are neglected in the linear theory. 

The equation of continuity will be automatically satisfied when use is made of 
the stream function (2.8). The dependent variables 7, ¢,,, p’ are determined from 
the three equations (2.16), (2.18) and (2.19); p* is to be determined by condition 
(iii) above. Integration with respect to z of (2.17) then gives p** to within an 
arbitrary additive function of time. 

In terms of the stream function (2.8), equation (2.16) is 


° nd - ” 1 
Uy + Ue = UPn2Pn —nPne)e = —p* +> Uz, (2.22) 
n 


Eliminate p’ between (2.18) and (2.19) by differentiating the former with respect 
to z, the latter with respect to x and substracting one from the other. The stream 











an 


~ eb er cot ot FA 





ect 
am. 








Non-linear mechanics of disturbances in parallel flows. Part 2 375 


function (2.8) is inserted into the resulting equation and the nth (n > 1) com- 
ponent is selected, yielding 


1 2 
L£ (nx) Dn = =| a (m— n) ) Pink Pn mn (m (m—n)?ad,,_»} 


m=n+1 


n-1 
- bm (n—m) bn{Pn—m— (n—m)? ad, a 


m=1 


ea) 
= x ( n +m) )Pinf{Pn+m t (n a m) 2076, ved 


m=1 


i > mOnt Pn: +m (n + m)? ad, + ot 
m= 
n— e% 


= x Mori Pn mn (n pa m)?* aG,.n) 


m= 

@o 
+E mbn(Snn—(m—nPraPno}| (0 > 1). (2.23) 
m=n+1 


where the operator #(na) is 


i ial _— : 

; 2 O Co i a C 3 

L (na) = |u- wa ae —u"+ ay ja Wa : 
na Ct naR 


where it is understood that the summations from m = 1 to m = n—1 are to be 
omitted when n = 1, and where a prime indicates differentiation with respect to z. 

The next step is to determine ¢,, and uw from the infinite set of partial differential 
equations (2.22) and (2.23) in two variables. From this stage the analysis for 
Poiseuille and Couette flow differ, although the principles are the same. The 
difference is due to the difference in form of the infinitesimal disturbances (2.6) 
and (2.7) which form the basis of the subsequent analysis. The simpler case, that 
of Poiseuille flow, will be dealt with in § 2.1 and Couette flow in § 2.2. 


2.1. Solution for Poiseuille flow 
A solution of the equations of motion is sought which represents a small finite 
disturbance with time-dependent amplitude and with the property that, as the 
amplitude tends to zero, the disturbance tends through the infinitesimal dis- 
turbance (2.6) to zero (as t + +00, according to whether the flow is subcritical 
or supercritical). Therefore, as the amplitude tends to zero, the disturbance 
stream function, ¢’, given in (2.8), must tend to the infinitesimal value (2.6), 
so that, on comparing components, ¢, ~ Cy,(z)e-'*%, while ¢, > 0 (n > 1) 
more rapidly. It appears from this that a solution might be obtained in which 
¢, (n > 1) is ‘separable’ and we look for such a solution. It is therefore expected 
that the seh -order term in ¢,, that which approaches Cy,(z) e~**% as the 
amplitude tends to zero, will be of the form A(t) y,(z), where A(t) is some, pos- 
sibly bounded, function which behaves like C e-** as A > 0. If there exist finite 
disturbances which are in equilibrium, then we expect to find a set of such dis- 
turbances such that as the neutral curve is approached the equilibrium amplitude 
tends to zero. In any case we look for a solution in which |A| is small. Since 
$2 -> 0 more rapidly than does ¢, as A > 0, then ¢, must be of smaller order 
than |A|. In fact, in the right-hand side of (2.23) for n = 2, the terms depending 
on ¢, only are of order ¢? or | A|? and occur only in the form of the product of A* 
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with a function of z. If it is assumed for the moment that the remaining terms are 
of lower order, then the main term in ¢, is expected to be of the form A*y,(z). 
From the fact that A is proportional to e~** as A — 0, it follows that 
1dA 
A dt 
If then we look for a solution for which (1/A)dA/dt is a function of A and A only, 
then it follows that 


>-tac as A>O. 


dA 

dt 
To the highest order, the departure of u from the steady laminar value, u, = 1 —z?, 
is found from (2.22) retaining only the highest-order term in ¢, in the sum and 
if this difference is to be separable then it is readily seen that it must be of the 


= —iacA +smaller-order terms. 


form ui —u, = AAf,(z) +smaller-order terms. 


Returning now to (2.23) for n = 1, we have that the highest-order terms on the 
right-hand side are of the form of the product of A24 with a function of z (arising 
from terms like ¢3¢;), provided that the remaining terms are of smaller order 
than this. The highest-order terms on the left-hand side being of order A must 
cancel out; that is, the coefficient of A in ¢, will satisfy a certain differential 
equation. Dividing (2.23) with n = 1 by A and letting A > 0, we see that this 
differential equation is 


(3, —¢) (Wry — yh) — Uy ry + a (YAY — 20? yy + acy) = 0, (2.1.1) 


a 
ak 
namely the Orr-Sommerfeld equation determining the eigenfunction ~,, which 
is what we would expect as the coefficient of A. Hence (2.23) with n = 1 serves 
to determine the second highest-order term in ¢,. It is readily seen that this 
term is expected to be of the form A24y,,(z), provided that dA/dt is of the form 


dA 
dt 


where a, is some constant. It can be shown that the assumption of a solution 
in the form 


= —iacA +a,A*A +smaller-order terms, 





¢, = Ay, + A?Ay,, + smaller-order terms, 
gy = A*v,+smaller-order terms, | 
u = u,+ AAf, +smaller-order terms, (2.1.2) 
dA ; 
as a A +a,A2A4 +smaller-order terms (a) = — tae) 


leads to no inconsistency. In fact further investigation of (2.22) and (2.23) 
suggests that we look for a solution %, ¢,, do, ..., of the form 


Pn a A" nt p> a an) (n 2 1), (2.1.3) 
m=1 
%=%,+ ¥ |Alf,, (2.1.4) 
m=1 
with - =A > a,,|A|2™ (a9 = — tac), (2.1.5) 
dt m=0 
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where a,, (m > 1) are unknown constants, which also leads to no inconsistency, 
as we shall see. The above arguments are related to, and are a generalization of, 
those given by Stuart (1960), who looked for a solution of the same form as 
(2.1.3), (2.1.4) and (2.1.5), but retained only those terms necessary to give the 
first approximation to the solutions. 

A result needed is the differential equation satisfied by |A 
The conjugate of (2.1.5) is dA _7 . , 


dt m= 


, and this is now given. 





A|2™, (2.1.6) 


Im | 


and the equation for the amplitude of ¥ follows by multiplying (2.1.5) by A, 
(2.1.6) by A and adding the results, giving 
d|A\? 


= @o 
cs LES Ge ot |2m —_ 9 2 
a dt elas |A = (Qin +@y) A| w= A| >> “nr | 
m=0 m=0 


where a,, = 4,,,+7a,,;. It is evident that | A|? is monotonic in time between these 
values which are zeros of the right- hand side of (2.1.7); we shall be interested 
primarily in the range of |A|? between zero and the first non-zero positive root 
of the right-hand side of (2.1.7). 

Returning to (2.23), it is readily shown that, on making the substitution 
(2.1.3) and (2.1.4) and using (2.1.5) and (2.1.7), the left-hand side may be written 
in the form 

L (nx) dy, = sf sas bn + 2 |A ~ Van) 


m=1 











Al, (2.1.7) 











+(e-2 3 > am [Al + BD > HAP 


m= 


ant 


“lve — natys,)+ SE [A (Win — ne "Fun 














a%/2 
—— S Al2m 2m a 2m £" 
na (> Qmr )= i. A|? (Wr, nm— io Fan) — (= A| fo 
«(tat E LAL Yam) | (2.1.8) 
where L(nx) = (u,—c) = — na?) — a; ‘8 - — nro? g (2.1.9) 
' C22 nak \éez? 


It is easily seen that the right-hand side of (2.23) also contains A” as a factor. 
Hence, dividing both sides of (2.23) by A”, rearranging terms and using the fact 
that a, = — tac, we find that (2.23) becomes 





{ / 5 2m \ me 2c; bee |2m = 
L(na) eat Lar Ynm| ym |A |?” (Ynm — 270° Yam) 
m= m=1 
1 be m gf 
baat (3 : a, |4 lm) We a nary, are |=. a MY n(Vn— m —(n—m)* a, m) 


m=1 m= 





Al?” Jnm(2) (n 2 1), 
' (2.1.10) 
where the summations from m = 1 to m = n—1 are omitted when n = 1, and 
where g,,,, is a definite known function} of the y’s, f’s and a’s appearing in (2.1.3) 
o (2.1.5). Now (2.1.10) must be true at all times for which the solution con- 


+ The function g,,,, is given explicitly by Watson (1959). 


n—1 9) 
= bs (n a m) Wn(Vn—m as (n si miter Sg p> 
m= 


m=1 
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verges and so for all |.A| sufficiently small. Hence the coefficients of like powers 
of |A|? in (2.1.10) must cancel out. Similarly, on using (2.1.7), the equation of 
mean motion (2.22) becomes 


i A wl ; a » = 
z(t + % lAlfa)-2( & dar lAl) (3 m|4 lsu) 
\m=0 / m=1 


m=1 
= p* + 1a = n |.A - (vs ss x |A - Vin) (Vn + x |A|?" Fun) 


n= m= 





= (Yat SA)" un) (vi.+ 5 |Al™ Fim) . (2.1.11) 


m=1 m=1 
in which the coefficients of like powers of |A|? must cancel as in (2.1.10). It 
follows from this equation that p*, a function of time only, must be of the form 


p* = a kb. LAl™, 


in which the k’s are real and ky = u;/R = —2/R. The constants k,, (n > 1) are 
completely arbitrary and so must be specified in some way. The simplest case is 
chosen, namely, that /,, (n > 1) is zero, which corresponds to the condition that 
the mean pressure gradient in the flow direction does not change with time.t 
Equating the terms independent of |A| in (2.1.10), we obtain the equation 


pn 


Lf” 1 
/ my / S 2 ie 
L(nx) a = n >> MAY n ante —m) LW at 
7 


n=1 
n—1 
ag >» (n=) Vol Vim (=) Ayn) (2.1.12) 
m=1 


which becomes the Orr-Sommerfeld equation, L(a)y, = 0, for n = 1, as an- 
ticipated. The terms independent of |.A| in (2.1.11) already cancel. The balancing 
of the coefficients of |A|* in (2.1.11) leads to the equation 


1 ” ° .¢ F ! Tarver 
Rn — 2ae; fy = 10(~4 1 - Wi) (2.1.13) 
on using the result a), = ac;. Equating coefficients of |A|* in (2.1.10) and using 
the result ay = —iac, we get 
L ! 20¢; Pa 22 
(na) Yni—- n (4 ni — Wa ni) 
ee 
= a ( ) n®x7V,,) +9n(2) 
1a, : sal 2~2,/, 1 f",/ rt. op Ta 2,7, 1 , 7m 2,7-"\ 
= (Sip Yin — MOY +h Yin tL Ynal¥i — 21) + (0 +1) nga (Yr — 079) 
? 9.971 4 rm S 
a (n + 1) vy, ; (n et 1)? AW, Ww) WilWnar ee (n = 1)? ayy) 1) 
n—1 
{,/,! Fd 2 2,/, rf Lu 
-) (n ta m) LY ml Yn ml (n i m) a Pau) ET YmnilYVn—m a (n a m)?* a*ur,,_m)} 
m=1 
" I pm 9 2.,/,! / pt 
; 7 , 7] 2 7] , 
He a Zz MY (Yn ml (n ime m) an m1) a YmilYn nn (n si m)* ayy? »)] ’ 
‘i m=1 


(2.1.14) 


+ An alternative condition to this is that the mass flux does not change with time. This 
(1 
condition reduces to f,,dz = 0 which determines the k,’s and involves trivial modi- 
. 1 
fications to the function f,,. 








vers 
n of 


his 
di- 








Non-linear mechanics of disturbances in parallel flows. Part 2 379 


where again it is understood that the summations from m = 1 to m = n—1 are 
to be omitted when n = 1. Furthermore, from the coefficients of |A|?” (m > 1) 
in (2.1.11), we obtain the equation 


1 on 
pa — 
R F i “MAC; m 
m—1 


=2 p> (m—P) yr np +52] MY nin — Vin Vin) 


p=1 
, yd , Ty Ts , 
> (m is 1) (Vin—1 Ym-11 - Vn—11 —YVm-1 Vin—11 —Ym-11 Wn—1) 


m—2 
In? I? 7, 
+ NV n : —_— + Vnm—n Yn 


n 
m—n--1 7 7 p m—n—1 7 , 
ie os Mt / "J , I, 
+ x np Yunm—n—p —Yn¥nm—n— Ynm—n Yn — z Vnop Yunm-—n—p ) 
p= p=1 
(2.1.15) 
where the summation from n = 1 to n = m—2 is to be omitted for m = 2. Also, 


from the coefficients of |A|?” (m > 1) in (2.1.10), we obtain the equation 


, 2mic,;, ,, er ; 
L(n«) ¥nm— — (Ym — eV nm) = ) (yy — na?) +Inm(2), (2.1.16) 


where g,,,,, is a definite function of the y’s, f’s and a’s, and will be a known function 
of z on reaching the stage when this equation is to be solved. 

Having obtained the differential equations satisfied by the functions of z in 
(2.1.3) and (2.1.4), we have still to state the boundary conditions. These follow 
from (2.12) which must be satisfied at all times, so that from (2.1.3) and (2.1.4) 
the boundary conditions are 

Yan: Vam Ya Vaw Jn =90 at z=+1 (n=1,2,...;m=1,2,...). 

(2.1.17) 
Moreover, since 7, is an even function of z, it is readily seen from (2.1.12) and 
(2.1.17) that yw, is odd, y, is even and, in general, that wy, is even for 
n = 1,3,5,..., and y,, is odd for n = 2,4,6,.... Again with the homogeneous 
conditions (2.1.17) it is seen from (2.1.13) that f, is even. Similarly, it can be 
shown from (2.1.14), that y,, is even and, in general, y,,, is even for odd values 
of n and odd for even n. By repeating this argument with equations (2.1.15) and 
(2.1.16), it can be shown that (i) ¥,,, W,,,, are even functions of z for odd values 
of n and odd functions of z for even, and (ii) f,, are even functions of z. It 
is thus sufficient to solve the problem in, say, the upper half of the channel, 
0 < z < 1, in which case the boundary conditions (2.1.17) become 


Was Vam> Vn: Van im=9 at z=1 (n=1,2,...; m=1,2,...), 
ye, We Vas Vem in =O at c= 0 (2 = 1,3,5,...; = 1,2...),> (2.1.18) 
Vn, Va Var Van =O at z= (n = 2, 4,6,...; m = 1, 2,...). 

With these boundary conditions it is hoped to determine y,,, f,, %,, together 
with a, from (2.1.12), (2.1.13) and (2.1.14), and f,,,, w,, together with a,, (m > 1) 
from (2.1.15) and (2.1.16). 

From the homogeneous equation (2.1.1), together with the corresponding 
boundary conditions in (2.1.18), the eigenfunction, ¥,, is found to within an 


x 
| 
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arbitrary multiple. In order to make y, definite we follow Stuart in selecting 
that y, for which y,(0) = 1. Since the right-hand side of (2.1.12) with n = 2 is 
a function of yy, only, then this fourth-order differential equation for yy, together 
with the associated boundary conditions in (2.1.18) determine y,. When yf, is 
determined, the function 7, can be determined and in general since the right- 
hand side of (2.1.12) is a function of 1, Wp, ..., %,_, only, this equation for y,,, 
together with the boundary conditions in (2.1.18), serve to determine y,,. In 
other words yf, 3, etc., can be determined successively. In a similar manner f, 
is determined from (2.1.13) and the boundary conditions given in (2.1.18). The 
eigenfunction y, is identical with Stuart’s (1960), while yy, and /; are the same as 
Stuart’s yy, and f respectively to the order he considered. 

The next step is to solve (2.1.14) with m = 1 subject to the corresponding 
boundary conditions in (2.1.18). At this stage the right-hand side of this equation 
is known apart from the constant a,. This fourth-order differential equation 
with the four boundary conditions leads to a solution which is linear in a,. By 
some means @,, and correspondingly y,,, must be determined. To this end let 
us first consider the case in which the function A is Ce~“, In such a case, 
a, = da, =... = 0, and the equation for y,, becomes 


L(a)¥y- i¢(Win — @7Yh41) 19 19- (2.1.19) 


We are interested in a convergent solution for which the function A or |A| is 
small for all time, and we hope to find such a solution near to the neutral curve 
c; = 0. Thus c; will be small, and this fact is used to solve (2.1.19) by expanding 
in c;. On the left-hand side of (2.1.19) the second term will then be small com- 
pared with the first term, which is composed of the Orr-Sommerfeld operator 
acting upon y,,. Hence we may choose four independent parts of the com- 
plementary function, one of which will almost satisfy the boundary conditions, 
that is, it will almost be the eigenfunction y,. It follows from this that the 
highest-order term in y,, is probably a multiple of 7%, and moreoever that the 
multiple will tend to infinity as c; > 0. Accordingly, we look for a solution of the 
form 

Wry = PY Hep Pt YPty + .. (2.1.20) 
where p is a positive integer and yy”, y\7?+, ... are bounded as c; > 0. Now it 
is most likely that p = 1, and we shall snmeitee this case. Other cases will be 


LAr) 


dealt with later. The equations to be satisfied by the yj are 


L(x) Wz? = 0, (2.1.21) 
L(x) VAP = Gur + 2A?” — a2), (2.1.22) 
L(x) YQ = 24(WO” — a2 


), 
‘| (2.1.23) 


} 


in which yj”, Y{, ... all satisfy the same boundary conditions as y,,. The 
solution of (2.1.21) is yy? = Ay, where A is an arbitrary constant. On sub- 
stituting this value into the right-hand side of (2.1.22) we obtain a fourth-order 
differential equation containing the arbitrary constant A. If we define x5, x3, x4 
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to be the solutions of the Orr-Sommerfeld equation satisfying the boundary 


conditions at eat totes 
Xs=Xs=9, xs=1, x3 =0,7 at z=0, (2.1.24) 


=U Me =% Yall, 
then ~,, Xo, X3, X, are four linearly independent solutions of the Orr-Sommerfeld 
equation, of which y,, ¥, are even functions of z and xz, x, are odd. It will be 
necessary to calculate y,, but we do not need to know x, or x4. Following Stuart 
(1960), we first of all determine A by multiplying (2.1.22) by the known function 


® = (x3 — aX) — (x3(1) — @*X9(1)) (Wi — @704)/P4(1) 
(which satisfies the equation adjoint to the Orr-Sommerfeld equation; it also 
satisfies the same boundary conditions} as y,) and integrating with respect to 
z between 0 and 1. This gives 


1 1 
A= -{ 99,, 2% | Dy — a*yh,) dz. 
0 0 


Having determined A, the right-hand side of (2.1.22) is now a completely known 
even function, and since the solution of (2.1.22) is to be an even function, it 
must have the form Wy = Av, +Bys+P, 


where FP is any even particular integral of (2.1.22). Either of the two conditions 
at the wall will determine B and the other condition at the wall will be satisfied. 
This gives y/{? apart from the arbitrary constant A. Next the value of y{? is 
substituted into the first equation of (2.1.23), which will then contain the un- 
known constant A. This constant is then determined in exactly the same way as 
A was determined and y{} is found to within an arbitrary constant multiple of y, 
by the procedure just described. In this way y,, can be determined completely. 
The solution obtained when A(t) is chosen to be proportional to e—**“ converges 
for only a very small interval in time whereas we wish to find a solution which 
converges for all time. The first step in finding such a solution is to choose a 
suitable value for a,. The solution of (2.1.14) with m = 1 subject to the corre- 
sponding boundary conditions in (2.1.18) consists of the sum of the solution of 


(2.1.19) and the solution of 
P “i eee 
L(x) Py — 2te,(n — 71) = —* (Yi — 2?) (2.1.25) 
subject to the same boundary conditions, et —(a,/2ac;) ,. Since a, is 
arbitrary, y,, is determined to within an arbitrary additive multiple of y,.t 


+ That ©’(1) = 0 can be seen by integrating by parts the relation 


1 
| (x3 — 2x5) L(a) yydz = 0 
0 


and making use of the identities, L(«) x3 = {L(«) v3}” = 0. 

t It ean be shown that, if to any given 7/,, is added a multiple of y, then, by redefining 
the functions A, y,,, and f,, (m > 2) and rearranging the series (2.1.3), (2.1.4) and (2.1.5), 
a similar series in the new functions is obtained in which 7,, %,, f,; are the same as the 
original functions. In other words the arbitrariness in 7,, corresponds to the arbitrariness 
in which the series may be rearranged in this way. The same property occurs in all the 
functions Yj. 
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By choosing a value of a, such that (A/c;)—(a,/2ac;) is bounded as c; > 0, we 
shall obtain a function y%,, which is also bounded as c; > 0. Any such value of 
a, will suffice; in general there is no further restriction on a, which will make the 
series converge more rapidly. We may in fact choose a, = 2aA. The solution in 
this case is readily seen to be given by (2.1.20) with p = 1 apart from the first 
term; that is, the solution is 

Wi, = YM+e,WPr+..., (2.1.26) 


where y{?, ¥?, etc., are found from (2.1.22) and (2.1.23) in which yz” is to be 
replaced by Ay,. Having determined a, and y,,, the y,,, follow successively 
from (2.1.14), and f, follows from (2.1.15) subject to the boundary conditions 
in (2.1.18). 

At this stage g,. is a known function of z. It can be shown that when a, = 0, 
42 can be expressed as in (2.1.20) with p = 1, where the {} are bounded as 
c; > 0. It also follows that this function y,, will consist of the sum of an un- 
bounded multiple of yy, and a bounded function and, by exactly the same reason- 
ing as given for a, and y,,, a, can be chosen to make y,, bounded and a, will also 
be bounded. Then y,,, follow successively (g,,. being a known function of z when 
the equation for y,. is to be solved) and f,, after which 7,, and a, are similarly 
determined. We cannot proceed in this way indefinitely for, in (2.1.16) with 
n = 1, although c; is assumed to be very small, ultimately m is so large that me; is 
no longer small and we can no longer apply the reasoning given immediately 
after (2.1.19). However, in such a case we can solve for y,,, directly without any 
trouble; when me; is very small, solving for y,,, directly leads to ill-conditioned 
algebraic equations and we have to resort to expanding as in (2.1.20), but when 
mc; is not small there is no longer any reason why the algebraic equations should 
be ill-conditioned. Hence when me, is not small, in general no particular value 
of a,, will make the series converge more rapidly than any other value, and so 
we can specify a,, to be zero. Proceeding in this way, all the functions of z and 
all the constants a,, in (2.1.3), (2.1.4) and (2.1.5) can be found. It should be 
noted that the degree of convergence of the perturbation series depends upon 
obtaining sufficiently good approximations for the first terms in the expansions. 
This in turn depends upon mc; being very small compared with the width of the 
critical layer where the functions vary rapidly. As the width of the critical layer 
is of order («R)-*, we therefore cannot expect to obtain solutions by means of 
a perturbation series unless m |c,| («)! < 1. Furthermore, we cannot expect to 
obtain an improvement on linearized theory unless the perturbation series can 
be applied to 7,,; this means that we insist on c; being so small that |c;| («R)* < 1. 
It then appears that the perturbation series is to be applied as long as 
m |c,| (a)* < 1, but when m is so large that this is not true then a,, is specified 
to be zero and the resulting equations are to be solved directly. 

If a,, tends to a non-zero constant as c; > 0, then a first approximation to 
|A| is obtained by retaining only the first two terms on the right-hand side of 
(2.1.7). This first approximation is therefore given by 





ac; K exp [2ac;t] 
(1—a,,K exp [2ac;#])’ 


|A|? = 
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in which K is a real arbitrary constant. As |A|—> 0, that is, as ¢;t > —0, 
|A|? ~ ac, K exp[2ac;t]. But since A ~ Ce~'*“ as A > 0 then we can say that 
C and K are related by ae,K = |C|?. (2.1.28) 

) 





The equilibrium amplitude | A|, is found, to the first approximation, from (2.1.27 


to be ai 
Ata uae, 2.1.29 
\ a, ( ) 





r 


If a,, turns out to be positive, then this equilibrium amplitude can be found in 
the subcritical case (c; < 0), while if a,, is negative the equilibrium amplitude 
can be found in the supercritical case (c; > 0). The equilibrium amplitude is 
independent of K, which is not surprising since the arbitrariness of K or |C|? 
merely reflects the arbitrariness of the origin of time and in any equilibrium state 
|A|, will be independent of time. There is therefore no loss in generality if we 
assume that |C|? = x |c,|, so that K = sgne, and (2.1.27) becomes 


a |c;| exp [2ac,t] 


, 2.1.30 
(1 —a,,sgnc, exp [2ac;t]) ( 


|A|? = 


Since | A| is of order |c,|* and all the functions of z in (2.1.3), (2.1.4) are bounded 
then the solution should converge for small enough values of c,;, that is, near 
enough to the neutral curve. 

To obtain | A| without approximation, we first of all denote | A!? by y and change 
the independent variable in (2.1.7) to x = exp[2ac;t]. Equation (2.1.7) then 


b 
ecomes ac, xy’ = y(ac, +a, +>,¥2+.-.), (2.1.31) 


a dash denoting differentiation with respect to x. From the condition that A 
behaves like C e~!#“ as A > 0 it follows that |A|* exp (—2ac;t) > |C|? = a |c,| as 
c,t + —oo, that is, that y/z > a |c,| as > 0. We look for a solution of the form 


Y = aC; Y, + arc?y?+..., (2.1.32) 


where y,, Y2, ... satisfy the differential equations found on formally equating 
equal powers of ac;. These equations are 


"yi = yi +4,,y7, | (2.1.33) 
LY», = Yn t+ 201,Y1Yn + FalYr Yo --+3Yn 1) (n 2 2),J 


and the boundary conditions to be satisfied are 
“+0 (n2>2) as x0. 


The solutions of (2.1.33) which satisfy these boundary conditions are 


— (sgn c,) x 
1™ [1 —a,, (sgne,) a)’ | 
[ 1 (sg i) ] ae j (2.1.34) 
is x *[1—a,,(sgnc;) x}? F,(Y1, Yo, «+++ Yn—1) d& | 
* 
[1 —a,,(sgnc;) x}? Jo x 
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giving the full solution for |A|? from (2.1.32). It may happen that a,, tends to 
zero as c, > 0 in which case |A|? would be of order |c;|? at least; |A|? could be 
found using an analysis similar to that just given. 

The argument of A follows from (2.1.5) and (2.1.6) by multiplying the first by 
1/A, the second by — A/A? and adding the resulting equations. Integration of 
the resulting equation yields 

AIA D c a) (| (3 4 dx) € A 
A/A = Dexp(-— 2tac,t) exp ;— > any") —}, (2.1.35) 

AC; Jo \m=1 x | 
where D is a constant and x, y have the same meanings as in the previous para- 
graph. But since Ae! > C as A > 0 then A/A > exp(—2iac,t)C/C as A > 0. 
Letting x > 0 in (2.1.35) we deduce that D = C/C so that (2.1.35) may be written 
salah A/A = C/Cexp[—2ia€t], (2.1.36) 


: : da 
where € =c¢,-——— ¥ ancy™) - 
a log XZ Jo \m=1 x 





e 


is the velocity of the wave and it changes with time. As x > 0, that is, as A > 0, 


© + c, as it should; while 

l x 

€—> C,— »> ani |A|em 

Xm=1 
as x > 0, the value of the wave velocity in the state of equilibrium. When an 
equilibrium state exists, as in the case we are considering, then the same analysis 
shows that there are similar disturbances for |A| > |A|,, although probably 
a second equilibrium state could not be calculated. If the equilibrium states 
exist in the supercritical region (c; > 0), then these disturbances decay with 
time to the state of equilibrium so that the state of equilibrium is a state of stable 
equilibrium to disturbances of this kind. On the other hand, if the equilibrium 
states exist in the subcritical region (c; < 0), then these disturbances amplify 
with time, so that the state of equilibrium is a state of unstable equilibrium, 
which shows that although the flow is stable to infinitesimal disturbances in this 
region it can be unstable to certain finite disturbances. Note that, because a,, 
is zero for m large enough, the series in (2.1.36) and (2.1.31) are polynomials in y. 

This analysis shows how the functions ¢,, uw given by (2.1.3) and (2.1.4) are 
determined, after which wu’, w’ may be found from (2.9) and (2.10). The part 
p**(z,t) of the pressure in (2.11) is then found to within an arbitrary additive 
function of time from (2.17) as p** = —w’? when p** is expressed as a series in 
|A|* with coefficients as functions of z and coefficients of equal powers of |A 
are equated. Similarly, the functions p,(z,¢) in (2.11) are found from (2.18) on 
equating components of e”***, expressing p,(z,t) as the product of A” with a 
series in |A|* whose coefficients are functions of z, dividing the equation for p,, 
by the factor A” and equating the coefficients of equal powers of |A|?. Equation 
(2.19) will then be satisfied automatically. 

We have been considering the most likely case, namely that in which the 
solution of (2.1.19) has the form (2.1.20) with p = 1. It is possible, however, 
that we may find, in the notation used above, that Ao as c; > 0. Then the 
most probable situation is that in which the form of the solution is given by 
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(2.1.20) with p = 2, in which yy” is proportional to y,. In this case the most 
probable situation is when the equations to be solved are 


L(a) WG» = 0, (2.1.37) 
L(x) Wa? = 2i(YG2" — a2Y~G), (2.1.38) 
Lc) W% = guy + 26(YAG™” — a2). (2.1.39) 
Lia) YAR = 21(YAR"— PY) 


(2.1.40) 


The solution of (2.1.37) is yy” = “yy, where y is an arbitrary constant. Then 
(2.1.38) becomes L(x) Wg = 2in(yy — ay). (2.1.41) 


The situation which is being considered is when there exists a solution P (an 
even function of z) of = Mb? ate ¢ ‘ 
€ ) L(x) WG = 2i(W —ay,), (2.1.42) 


which satisfies the boundary conditions. This situation is most probable in the 
sense that, if « is regarded as fixed, then 7, c,, R most probably are regular 
functions of c;, when 7,, has a double pole in c;. In such a case it can be shown 
that there does exist a solution of (2.1.42) which satisfies the boundary con- 
ditions. Note that A is infinite in this case, for it is readily shown, by multiplying 
(2.1.42) by ® and integrating with respect to z from 0 to 1, that 


“1 
| O(y" — a2ys,) dz = 0. (2.1.43) 
0 
It follows from (2.1.42) that 
Wn? = Ap, +pmP. 

Then (2.1.39) becomes 

L(x) WO = 94, + 21A(Wj — a?) + 2ie(P” — a? P). (2.1.44) 
The constant is now determined in exactly the same way as A was determined 
above; equation (2.1.44) is multiplied by ® and integrated with respect to z 
between 0 and 1, and, after making use of (2.1.43), we obtain 


1 
w= [ 402/24 [ @(P” —a?P) dz. 
70 0 
Having determined y, if P, is any (even) particular integral of (2.1.44) with the 
term in A omitted then, since 7/{) is to be even, it must have the form 
WY = Ay, + Byy3+ AP + FP,. 

Yither of the two boundary conditions at the wall will determine B,, and the 
other condition at the wall will automatically be satisfied. This gives y{) apart 
from the constants A,, A. The constant A is determined from the next equation 
in the same way as ju has just been determined. Proceeding in the same manner, 
the required solutions of the equations (2.1.37) to (2.1.40) can be found, giving 
the full solution of (2.1.19). 

The solution of (2.1.14) is the sum of the solution which we have just found 
and the function —(a,/2«c;)y,. The constant a, is chosen in order to make 
c;,, bounded as c;> 0. Since the highest-order terms in yf, are given by 
{(u/c2) — (a,/2ac;)} ,, then ¢;,, will be bounded if we choose a, = 2a/c;. With 
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this choice of a,, both c;y,, and c;a, are bounded while y,, and a, become in- 
finite as c; > 0. The function y,, is given by (2.1.20) with p = 1, where yj”, 
wv are the solutions of (2.1.38) with yj” replaced by wy, (2.1.39) and (2.1.40) 
which satisfy the boundary conditions. The functions y,,, f, are found from 
(2.1.14), (2.1.15) after expressing them in series similar to that for y,,; both 
c;W,, and c;f, are bounded, and y,,,, f. become infinite as c; > 0. From (2.1.16), 
by using the same arguments as we used for y,,, the function y,, is expressed 
as a series similar to (2.1.20) with p = 4, the highest-order term being a multiple 
of y,, and, by suitable choice of a, of order 1/c?, y,. becomes a function of the 


same order. The functions y,,. and f, are also of order 1/c?. Similarly, yy, is of 


order c; ° by suitable choice of a, (of order c; *), etc. For the same reason as given 
above, we insist on ¢; being so small that |c,| («R)' < 1. It then appears that the 
perturbation series is to be applied so long as m |c;| («R)} < 1, but when m is so 
large that this is not true then a,, is specified to be zero and the resulting equations 
are to be solved directly. The series on the right-hand side of (2.1.7) has been 
reduced to a polynomial in |A|*. If there is no positive zero of this polynomial, 
then no equilibrium state can be found although the solution may converge 
more rapidly than the linearized solution and so be valid for larger amplitudes. 
On the other hand, if there is a positive zero of this polynomial, then the smallest 
of these will give a definite value ? of order c?, and the analysis applies to 
both the subcritical and supercritical cases. In this case, in (2.1.3), apart from 
the first term, the first few terms will be of the same order in c;. The convergence 
of the series will depend on how y,,,,, f,, behave for large values of m (a very rough 
order of magnitude analysis suggests that y,,, y,,,, behave satisfactorily for 
large n, if m is regarded as fixed). 

This last remark applies to all the theory presented here. Even if the most 
probable situation occurs (when p = 1 in (2.1.20)), there is no guarantee that 
the series will converge, or even represent a solution asymptotically as c; > 0, 
as t becomes large. However, one would expect the theory to be an improvement 
over linearized theory for a range in time, and, moreover, it does seem likely 
that, if the most probable case arises, the series will either converge or represent a 
solution asymptotically. 





2.2. Solution for Couette flow 
The analysis for the Couette flow problem is so similar to that for the Poiseuille 
flow problem that only a short sketch of the method will be _— Here the 
highest-order term in ¢, is assumed to be of the form A(t) y,(z) + A(t) ¥,(—2). 
By similar rage to those used in § 2.1, a solution is i in which 


$y = {Ap (2) + Ap, (—2)} + (A2YA(e) + A*A YR (2) + AA2YAY(z) + A8YM(2)} 


II 





+ smaller-order ace 
dy = {A*WP(z ai A reps + A*yy(z)} + smaller-order terms, 
i = U, + {A2f(z) + AAfO(z) + A2f?)(z)} + smaller-order terms, (2.2.1) 
dA (2 m 
_* =a,A +(a\) A? +a? A24 +a\? AA? + a 43) + smaller-order terms 


(ay = —1tac). 
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It is obvious from this and (2.22) and (2.23) what the form of the full expansion 
is corresponding to (2.1.3), (2.1.4) and (2.1.5). When (2.2.1) is substituted into 
(2.22) and (2.23), the terms are collected into those of the same order in | A]. 
Since, for |A| sufficiently small, varies monotonically with time, then the 
terms of the same order in |A| must balance. Applying this to the highest-order 
terms in (2.23) with nm = 1, we deduce that 








AL(z, «) wy, — AL( —z, a) $,(—z) = 0, (2.2.2) 
where L(z,«) is the Orr-Sommerfeld operator (2.1.9) with n = 1 and we have 
used the fact that ¥, is an odd function of z. Now (2.2.2) can be rewritten in the 
form 4 _ 


L(z, «) y,—L(—z,«) ¥,(—z) = 0, 


in which A/A varies with time. In order that this equation be satisfied, it follows 


ij 


that Zi(z,a)y,=0, L(-z,«)¥,(-2) =0, with yy, =0 at z=+1. 


(2.2.3) 

The second equation is satisfied automatically when the first one is satisfied, 
so that (2.2.3) is equivalent to the single equation 

L(ia)y,=0 with y,=y,=0 at z=+]1, (2.2.4) 


which is the Orr-Sommerfeld equation for the determination of the eigenfunction 
y,. In (2.23) with n = 2, the balancing of the highest-order terms leads to an 


equation of the form 
APy, (2) + AA yo(2) + A2y4(2) = 0, (2.2.5) 


or (A/A)*? x, +(A/A) xo +X = 9, 


which can only be satisfied if vy, = x. = V3 = 0. In other words, the coefficients 
of A?, AA, A vanish separately. The equation y, = 0 is in fact 
12a) 02 = HK tash) (2.2.6) 
with the boundary conditions y{? = = Oatz=+11. 
For the moment let yy,(—z) be eli by w,(z); then vy. = 0 yields 


L( 2a) WP +0,(W2” — 40 YP) = — Wit vavi- vives —Yayt), (2.2.7) 
with the boundary conditions yf = yf” = 0 at z= +1. If the sign of z is 
changed in the equation x, = 0, then the complex conjugate of the resulting 
equation is (2.2.6) with y4?(z) replaced by $(—z), and the boundary conditions 
become Y(—z) = f$"(—z) = 0 at z = +1, so that PP —z) = YP(z) or 


(z) = WY(-2). (2.2.8) 


<< 
he 


Equations (2.2.6), (2.2.7) and (2.2.8) determine w{, 2’, =: 


os 
The highest-order terms in (2.22) give an identity since p* is zero and 4%, = z 
The second highest-order terms in (2.22) give an equation of the form (2.2.5), 
so that again ¥, = Yo = X3 = 0. The equation x, = 0 is 


] ” . . pe , "\r 
pf + iae fp? = ial po— Wi Yay’, (2.2.9) 


25-2 
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with the boundary conditions f(? = 0 at z = + 1. Since y,(z) = Y,(—2), the right- 
hand side of (2.2.9) is an odd function of z, so that f{? is also an odd function of z. 
1 
Hence we need a consider the range 0 < z < 1 with the boundary conditions 
* tw) a 
f{P? = 0 at z = 0,1. The equation y, = 0 is 


pli” —2a0,f = (4  — Wii t a Pa — Woy)’ (2.2.10) 


with the boundary conditions f{? = 0 at z = + 1. The right-hand side of (2.2.10) 
is a real odd function of z, and hence so is f{”. Thus we need only consider the 


range 0 < z < 1 with the boundary conditions /{” = 0 at z = 0,1. The complex 

conjugate of the equation y, = 0 is the equation (2.2.9) with f{?(z) replaced by 
(3) = a 

f(z), so that f(z) = fFM%2). (2.2.11) 

Equations (2.2.9), (2.2.10) and (2.2.11) determine f{”, f{?, f{®. 


The eno ae second highest-order terms in (2.23) with n = 1 leads to 
an equation of the form 


Ay, (z) + A?Ay,(z) + AAP y,(z) + A3y,(z) = 0, (2.2.12) 
from which y, = V2 = X3 = X, = 0 as before. The equation y, = 0 [where it 


may be permissible to remind the reader that y,(z) = y%,(—2)] is 


; ‘ia 
L(x) YAR — 2c(yA?” — a? yj?) = ( =f) (-ah) +fpr"y 


— 2h (” — 40:2) — o(WP” —4a2yP), (2.2.13) 


with yf) = Wf)" = Oat z = +1. The equation y, = 0 is 


ieee a en ee = 
L(x) WS — 2c, (WA” — Yb) = “ a ) (YW — ey) +f" 
ia,” . os ‘~ 
” ” , ”" 6 m 
+ (SEA) hata) +10" Yat YW ath) + 20H — 2H) 
— 2 (WP" — 4a2yP) — ems 4a? VAD") + WP” (Wr — ay.) 
+ 2W Py — a2hs) — Wee” — 4a2y?) — F(W2” — 4022”), (2.2.14) 


with ff) = Wi?’ = Oatz = +1. ~~ So with (2.2.13) and (2.2.14) there are two 
similar equations y, = 0 and y, = 0. Now the solution of (2.2.13) is linear in 
both aP and a{”, the oinden of wn being —(i/2ac) yy, and the coefficient of 
a\» being — {t/a(3c+é)} Wr4( —z), both of which satisfy the boundary conditions. 
We are interested in values of « and R which correspond to very small values of 
. In general c, will not be small, so that the solution of (2.2.13) with a{? and a? 
we equal to zero _ not become infinite as c; > 0. Accordingly, no particular 
values of a{? 
of values. Let us then specify that a{ 
from (2.2.13) with af? and af? 
*») and aj, 


and a{? will make the solution more convergent than any other pair 
) and a” be zero, so that y{) is determined 

equal to zero. Similarly the solution of (2.2.14) 
is linear in both af the coefficient of a) being —(1/2«c;)y, and the 
coefficient of a being —(¢ 2c) yy. As in the calculation of y,, in §2.1, the 


solution of (2.2.14) with a? and a? put equal to zero will become infinite as c, > 0, 
1 i 
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the highest-order term in the solution being proportional to c;!y,. No value of 
a will result in making 7/{? bounded so that we shall specify a{® to be zero. 
Then a? plays exactly the same role in the calculation of y{ as a, did in the 
calculation of y,, in § 2.1; a? is chosen to reduce the order of magnitude of yf? 
asc; > 0 by exactly the same method. Note that the equation for A is of the same 
form as the equation for A in § 2.1 up to terms of order |A|*. From the equations 
Xz = 0, ¥, = 0 we obtain 
29]n 
and Witz) = f( —2z), sais 
respectively. 
The method which has just been described can be used to find smaller-order 
terms and from further investigation it is evident that we can look for a solution 
of the form 








dy = (Api (2) + Ap, (—2)) + (A8Ye) + A2AY(e) + ALYY — 2) 
+ Arf —z))+..., 
by = wih (z) + AAWP(z) + A2YP(—2)) +... (2.2.16) 
“= (A2f)(z) + AAfP(z) + A2f(z)) +... 
dA zs e : 
dt 7 * mo ape (po = —14C), 


where we have replaced a? by a,. The functions y,, W?, WP, ff, WY. WR and 
a, are found from (2.2.4), (2.2.6), (2.2.7), (2.2.9), (2.2.10) and (2.2.13) with af? 
and a‘) zero, (2.2.14) with a? zero and a? replaced by a,. The function A has 
exactly the same form and is calculated in exactly the same way as in § 2.1. Also 
as in §2.1, « and R must be chosen so that the corresponding values of c; and 
c,(aR)* are sufficiently small for the method to apply. In Couette flow, which is 
believed to be stable to infinitesimal disturbances, there might be some difficulty 
in finding values of « and R which satisfy these conditions (whereas in Poiseuille 
flow, c; can be made arbitrarily small, more or less independently of («R)*, by 
choice of a point («, R) sufficiently close to the neutral curve). Moreover, this 
problem will correspond only to the subcritical problem of Poiseuille flow so 
that, even if suitable values of « and R are found which satisfy the above con- 
ditions, in order to obtain a worthwhile solution a,, must turn out to be positive 
in the general case. 


The author wishes to acknowledge the invaluable advice and constructive 
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of the National Physical Laboratory, and this paper is published by permission 
of the Director of the Laboratory. 


REFERENCES 


Stuart, J. T. 1956a J. Aero. Sci. 23, 86. 


Stuart, J.T. 19566 Z. angew. Math. Mech., Sonderheft, p. 8.32. 
Stuart, J. T. 1960 J. Fluid Mech. 9, 353. 
Watson, J. 1959 Aero. Res. Counc., Lond., Rep. no. 21,189. 





390 


The electrical conductivity of shock-ionized argon 
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The electrical conductivity of shock-ionized argon has been measured at tem- 
peratures between 6000 °K and 13,000 °K and electron number densities in the 
range 10!6 to 10!%em~%. The results are compared with theoretically computed 
values and show sufficient agreement to be plotted on a linear scale. The experi- 
mental technique is based on the measurement of voltages generated in a search 
coil by the flux from currents induced in a plasma moving rapidly through a 
magnetic field. 


Introduction 


The first reported measurements on the electrical conductivity of argon. 
ionized up to 20°,, moving at velocities ~ 10° cm/sec in a shock tube and inter- 
acting with a magnetic field, were made by Lin, Resler & Kantrowitz (1955). 
Further measurements have been reported by Patrick & Brogan (1959). 

In experiments reported here a method which has some features in common 
with the technique of Resler ef al. (1955), but which differs from it in three major 
respects, is presented. These differences are as follows. 

(1) The use of a high-value pulsed magnetic field and the comparison of its 
effect upon the plasma with that of a low-value d.c. field operating with the same 
plasma flow conditions. 

(2) The choice of a field configuration which provided an axial field uniformly 
distributed over the area of cross-section of the plasma flow and which allowed 
the search coil to be positioned at null point, that is, receiving zero total flux 
from the applied field whilst responding to the field of the currents induced in 
the plasma. This avoided the use of compensating field coils. 

(3) The method of calibration. Details of the shock tube used in these experi- 
ments are being reported elsewhere (Pain & Smy 1960). It is a pressure-driven 
tube with a 5ft. long O,-H, combustion chamber and a low-pressure channel 
length of 25 ft. The magnetic field is located at the centre of a Pyrex tube glass 
section of 2in. internal diameter and 15in. length. The length of plasma gener- 
ated and its thermodynamic properties depend upon the original conditions in 
the shock tube. Variation of these, notably of the initial shock tube gas pressure, 
permits a range of shock speeds of Mach numbers between 8 and 23 to be investi- 
gated. The gas temperatures and densities behind these shocks may be com- 
puted. The length of the luminous plasma, which may be measured from drum 
camera photographs, varies from more than 50 em for shocks of low Mach number 
to 4cm for the highest speeds. 
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The magnetic field is formed by passing current through two spirally wound 
circular coils arranged as in a Helmholtz pair. Its configuration is shown in 
figure 1. The high-value pulsed field results from the discharge of a5 kV condenser 
bank of 900 ~F through the coils, the discharge period of 1 msec being so much 
greater than the duration of plasma flow through the field that the plasma is 
presented with a sensibly constant magnetic field and is timed to pass through 
the field when the field is at its maximum. The field coils are 7 in. in diameter and 
the peak field value of 32,000 gauss in the plane of each coil is constant over the 
cross-section of the shock tube to within 10° . In all other z-planes the variation 
of B, over the cross-section of the tube is less than 10°%. This was checked by a 
subsidiary experiment. 

The d.c. field of 100 gauss was generated by connecting the coils across the 
terminals of a large storage battery in series with a limiting resistance. When the 
plasma passes through the high-value field, current loops of approximately 
2000 amp/cm? are induced in the plasma, concentric with the shock tube walls. 
The flux from these currents generates a voltage in a pick-up coil. This consists 
of a single turn of 14s.w.g. copper wire which encircles the shock tube at position 
2) in figure 1, midway between the two field coils. 

This voltage is displayed on an oscilloscope trace and the analysis of this trace, 
together with a calibration experiment, enables the electrical conductivity to 
be calculated. 


Method of measuring the electrical conductivity 


The value of the magnetic field at z) is zero and the response of the search coil 
when located at z, is less than 10-4 of its response when placed in the plane of 
either field coil. The co-ordinate z defines the direction along the shock tube. 

With the search coil at a fixed position z, the large magnetic field is triggered to 
give a value of B,/ct. Variation of the position z allows cB,/ct to be plotted for all 
z from which B,(z) is calculated. Graphs of B, and 0B,/¢z against z are shown in 
figure 1. CB,/¢z has a maximum value, constant over a distance of 6 cm. The values 
plotted in figure 1 are those found in the absence of the conducting plasma. It 
is shown in a later section that the perturbation of these values by the presence 
of the conducting plasma is negligible, but measurement of the induced field at 
the position of zero flux of the applied field gives the high sensitivity of a null- 
point method in a balanced system. Although the value of the magnetic Reynolds 
number (of the order of 1) implies substantial field distortion the restricted cross- 
section of the plasma results in considerable wastage of induced flux beyond the 
plasma boundaries and the field distortion is, in fact, measured to be less than 1%. 

The change of the field with time may be written in the form 


DB, _ CB, , cB, dz 

Dt ct Gz dt” 
When the field is sensibly constant the current induced in an element of plasma 
of length dz interacting with the field is given by 
DB, CB dz 


BY? "Ra 





1c 0 
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0B 


so that 10 ou dz, 
oz 


where w is the flow velocity and a is the electrical conductivity of the plasma. 

The flux ¢,, from this current element gives a flux cutting the search coil posi- 
tioned at z, of k(z)d,, where k(z) depends on the distance between the element 
and the search coil. 

The values of k(z) are found from a calibrating experiment using copper of 
measured 0,,, er, in the form of disks of varying thickness having the same 
cross-section as the inside of the shock tube. With the search coil at z, the position 
of the disk is varied over all z, the plane of the disk being parallel to the plane of 
the field coils. At each value of z the magnetic field is pulsed and the search-coil 
response is recorded. 

At any z the current generated in the copper is given by 


; DB, cB, 
voc FT copper Dt dz Poy Fcopper ct dz, 
where dz is the thickness of the copper disk, 
ob, 
1c bd, = Qa, ~— dz, 


copper ct 


where Q is constant. The e.m.f. generated in the search coil is then k(z) [dd,/dt]. 
The time integral of this is measured from an oscilloscope trace to give k(z) dp 
for all z, and this, with o,,.,,., and ¢B,/ct known, gives Qk(z) as a function of z. 
This calibration was carried out with disks of 3, 6, 9 and 12 thousandths of an 
inch thickness. At the discharge frequency of 1 ke for the current generating 
the magnetic field the skin depth of copper is approximately 100 thousandths of 
an inch. The effect of this skin depth increased the rise time for the observed volt- 
age as the thickness of the disks was increased. Fach voltage trace was extra- 
polated to give the value of zero rise time, and, with this correction, the values of 
Yk(z) for the four thicknesses agreed with each other to within 2 %. 

The dimensions of the magnetic field system were scaled so that the values 
of Qk(z) were significant over the range for which ¢B./¢z was constant at its maxi- 
mum value but which decreased rapidly with a decrease in 0B./¢z. In effect, the 
search coil observed flux only from those currents induced in the plasma by the 
uniform section of the magnetic field gradient. The product Qk(z) [¢B_/¢z] is 
now plotted against z (figure 1). The contribution to the flux through the search 
coil from a plasma element of thickness dz at z is given by 


CB, dz 


a lz, 
cz at ai 


Qk(z) 

and for all z beyond the constant ¢B,/¢ez region this contribution is small. 
The total contribution to the flux through the search coil by a succession of 
elements in the form of a plasma slug moving through the interacting field in 


effect integrates - 
B,dz 
Qk(z) 2 odz 
ez dt 
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with respect to z over the length of the plasma slug. If V is the voltage induced in 
the search coil, AB 
[ra = [owe ~~ udz. 
ez 


For a plasma slug which is long compared with the field region the limits of 
integration on the right-hand side are from z to — 00, when the front of the plasma 
is at z. Now 

, dz d 
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FicurRE 1. Field coil configuration showing search coil position, field lines and direction 
of plasma flow in the shock tube. (a) Graph of B, versus z. (6) Graph of @B,/éz versus z. 
(c) Graph of Qk(z) [éB,/éz] versus z. Qk(z) relates the current induced in the plasma with its 
magnetic flux cutting the search coil. 


The value of wu? is written here as a close approximation to the correct expression 
uu’, where w’ is the shock-front velocity dz/dt. The error introduced by this ap- 
proximation is about 10%. 

The voltage pick-up is therefore the curve Qk(z) [¢B,/ez] multiplied by some 
constant value of wc. 

The total trace consists of a curve of this type associated with the leading edge 
of the slug separated by a distance depending on the length of the slug from an 
inverted curve of the same shape representing the trailing edge. This was verified 
experimentally. 
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The total field generated in the search coil had a maximum value of 300 gauss 
when the high-value interacting field was used and its effect on this field was 
negligible (only 1°). 


Calculation of the conductivity 

A plasma slug of length L is considered to have reached the position where it is 
centrally located about z). is measured from the interval between the two peaks 
of the oscilloscope trace illustrated in figure 2b. Then 


. a kL 4 
| Vdt = ur Qk(z) aos 


AL C2 

















lime 
FIGURE 2. (a) The electrical conductivity of shock-ionized argon represented as a step 
function extending from the shock front to the contact surface. (b) The search-coil response 
expected when the plasma flows through the magnetic field. 


where the upper time limit in the integration is that time at which the plasma 
has reached the point where its length is centred about z, and this corresponds to 
the point on the trace of figure 2) midway between the positive and negative 
bb CB 
Qk(z) dz 
a 


JEL = 


pulses. The integral . 


is plotted for all L and from this graph and the area | V dt the value of wa is found. 


hg . 


The area | V dt is found for the positive pulse and for the negative pulse associated 


with the exit of the plasma from the field region. The mean of these two values 
averages the value of the electrical conductivity over the length of the plasma 


slug. 


Discussion of search-coil response 

If the conducting gas is considered as a uniform slug extending from the shock 
front to the contact surface then the conductivity function (a) and the search- 
coil response () are as shown in figure 2. 

Increasing the shock Mach number with a constant channel pressure reduces 
the distance between the shock front and the contact surface. Reducing the 
channel pressure with constant Mach number also reduces this distance. The 
variation of the length of conducting gas for low shock Mach number with high 
channel pressure and high Mach number with low channel pressure is shown in 
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the drum camera records of figure 3. As the shock Mach number increases with 
reduced channel pressure the peaks of the search-coil response trace move 
together. 

At channel pressures greater than or equal to 3mm Hg the separation of the 
peaks of the trace are in good agreement with the length of the luminous gas 


Synchronizing 
Field 
coils 30 cm SS 


0-1 ms . 


P, = 01mm P, = 02mm P,}=1mm 
FiGuRE 3. Drum camera records showing variation of the length of luminous gas with 
initial shock tube pressure (P,). The synchronizing spark triggers the oscilloscope which 
records the search-coil response. The search coil is seen as a narrow vertical line midway 
between the two field coils. 
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FiGURE 4. Search-coil response traces obtained when shock-ionized argon flows through 
a magnetic field. The traces (a) for B = 100 gauss and (a’) for B = 30,000 gauss show that, 
for high electron number densities, the conductivity may be represented by figure 2a. 
As the number density of the plasma is reduced the conductivity profile is distorted until, 
at very low densities and high field value (trace c’), the symmetry of the trace is completely 
destroyed. Scale of volts per gauss of induced field is constant for all traces so that dif- 
ferences in pulse height reflect variation of conductivity. 


measured from the drum camera records, and the curves resulting from the lead- 
ing and trailing edges of the conductivity pulses are symmetric. Such a trace for 
a weak interacting field of 100 gauss is shown in figure 4a. This suggests that 
the conductivity is closely represented by the step function in figure 2a. There is 
a small but finite separation between the shock front and the luminous gas front 
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associated with the ionization relaxation time. The shock front is often seen in 
drum camera photographs as a narrow bright line formed by impurities ionized 
at the shock front ahead of the luminous front. 

Figure 44 is the trace obtained for a field of 100 gauss and a channel pressure 
of 1mm Hg. Some departure from symmetry is evident here, the peak of the 
leading pulse being greater than that of the trailing edge. This may be associated 
with a steep rise of the ionization and electrical conductivity to that value 
appropriate to the luminous shock front. Behind this front both ionization and 
electrical conductivity decay to a lower value at the trailing edge of the luminous 
gas. Further reduction of channel pressure to 0-2 mm Hg restores the symmetry 
as shown in figure 4c. This does not indicate a restored step function for the 
conductivity profile since this response is to be expected from a slug of ionized 
gas shorter than the extent of the interacting field region. 

This may be seen from the following argument. The flux contribution from such 
a short slug of plasma will be proportional to that element of area under the 
curve of Qk(z) [eB,/ez] standing on a base of constant width equal to the length 
of the slug. As the slug moves along the z-axis of the curve Qk(z) [¢B,/¢z] the 
magnitude of the flux contribution follows a curve of similar shape when plotted 
against the distance z or the time ¢. It is the differential of this curve that deter- 
mines the shape of the response trace and this differential has the form of the 
curve shown in figure 4c. 

At high values of the interaction field, i.e. 30,000 gauss, the response is similar 
to that at low fields when the channel pressure is greater than or equal to 3mm Hg 
(figure 4a’). Reducing this pressure to 1mm Hg, however, produces an asym- 
metry far more pronounced than in the case of the low field as is shown by 
figure 4b’. The final trace, figure 4c’, for a field of 30,000 gauss and initial channel 


pressure of 0-2 mm Hg shows the extreme limit of this distortion. The effect of 


strong field interaction on flows of reduced density may therefore be seen as a 
reshaping of the conductivity profile. This is discussed in more detail in the 
following section. 


Discussion on experimental results 

Most of the experiments made by Lin et al. (1955) were carried out at 1 em Hg 
initial channel pressure. A large number of their experiments failed to achieve 
the equilibrium value of the electrical conductivity which resulted in the search 
coil giving a maximum response at the trailing edge of the trace. This meant that 
the value of the electrical conductivity was still rising at the rear of the luminous 
plasma. In the experiments reported here the leading peak of the trace was 
always equal to or greater than the peak associated with the trailing edge. This 
would be expected when the electrical conductivity at the front of the plasma 
was equal to or greater than that at the rear. Where the equilibrium condition 
was reached in the experiments of Lin ef al., the results agreed with the 
theory of Spitzer & Harm (1953) for a highly ionized gas. This theory is sufficient 
for x > 10-3 (a is the degree of ionization), that is, 7’ > 8000 °K, where the domi- 
nant mechanism for energy exchange is the distant encounters between electrons 


and ions. 
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At channel pressures of 10cm Hg the conductivity results of Lin et al. fell 
below the predicted values of Spitzer & Harm, but when the electrical con- 
ductivity reached the equilibrium value, they matched a modified theory of 
Lin et al. in which a second term was introduced to allow for close encounters 
between electrons and neutral atoms in a slightly ionized gas. The trend of the 
non-equilibrium conductivity results at 10cm channel pressure followed this 
modified theory, but individual values were consistently below it. 

The annular experiments of Patrick & Brogan (1959) were made at 1mm Hg 
constant channel pressure where, for a high field, the scalar relation for the cur- 
rent density, ) = swB, might be expected to break down. When w,7, ~ 1, where 
wv, is the angular frequency of electron gyration around the magnetic field lines 
and7, is the period between collisions, the theory of Schliiter (1950) shows that 
the conductivity may be expected to be less than that given by j = cuB. The 
major contribution to this effect, when the magnetic field has a large component 
along the flow direction, is due to the electron making a complete gyro orbit 
between collisions. The resulting Hall potential in the j x B direction gives a 
current if a path is provided. If this Hall current is allowed to flow the resulting 
conductivity is given by 

aw . FF 
1+ (or? 
ue 
where @, is the electrical conductivity in the absence of a magnetic field. The 
results of Patrick & Brogan support this relation for various values of w,7,. 

The results of the present experiments are plotted on two continuous curves 
each of which corresponds to a constant pressure of O,-H, mixture in the com- 
bustion chamber before ignition. In figure 5 this constant pressure is 2} atm 
and in figure 6 it is 74 atm. With this pressure fixed, the shock Mach number 
and temperature variation are obtained by changing the initial pressure in 
the shock tube and these variables are shown as abcissae plotted against the con- 
ductivity as ordinate. The Mach number measurements showed a variation of 
3°, when the initial O,-H, pressure was 2}atm and less than 3°% when the 
O,—H, mixture was 73 atm. The dotted curves show the values of the conductivity 
computed by DeLeeuw (1958) using the theory of Spitzer & Harm (1953) 
modified by Lin et al. (1955) for close encounters. 

The pairs of points associated with a given Mach number represent one value 
of the conductivity obtained when using the pulsed field of 30,000 gauss and 
another using the same flow conditions and a d.c. field of 100 gauss, but neither 
field gives consistently the higher or lower value of any pair and no distinction 
is drawn between them in figures 5 and 6. 

When the initial channel pressure is above 1mm Hg the experimental and 
theoretical values show more satisfactory agreement in figure 6 than in figure 5. 
Below this pressure, however, experimental values on both curves become 
progressively lower than those given by the Spitzer & Harm theory. This cannot 
be satisfactorily explained as a simple consequence of the non-scalar conductivity 
effect because the same value of conductivity at M = 22 is obtained for 
B, = 100 gauss as for B, = 30,000 gauss. The large field has a radial component 
B, = 6000 gauss which gives w,7, ~ 1 so that a Hall potential is developed in the 
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FicurE 5. The electrical conductivity of shock-ionized argon versus temperature at 
electron number densities between 10!6 and 10!8/em*. Pre-ignition pressure of O,-H, 
mixture in the combustion chamber is 2} atm. Variation of the initial shock tube pressure 
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Fricure 6. As for figure 5, but with pre-ignition pressure of O,—H, mixture equal to 7} atm. 
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(j x B,) direction. This is not the case for B, = 100 gauss. The search-coil responses 
for these points, figures 4c and 4c’, show quite distinctly that the electrical con- 
ductivity reached its equilibrium value in each case. 

An explanation of this result may be postulated as follows. The method of 
obtaining the conductivity by integrating the area under the search-coil response 
trace gives a mean value of o over the plasma length. Where the profiles of o and 
search-coil response are given by figure 2 a and b this method is valid. When the 
search-coil response trace is distorted from 26 a more detailed analysis of the 
trace is required. 

Distortion of the profile at low gas densities and higher interaction field values 
may be considered in terms of the following mechanisms which contribute to 
changes of conductivity: (1) localized Joule heating from currents induced in 
the plasma; (2) distortion of the fluid flow pattern as a result of the interaction 
and plasma heating from magnetic body force compression; (3) non-scalar con- 
ductivity, w,7, ~ 1. 

All heating effects increase the conductivity and this accounts for the high 
value of the search-coil response (note that all traces in figure 4 have the same 
volts per gauss scale). 

The distortion of the fluid flow pattern in these interactions has been studied 
in considerable detail and it has been found that the strength of interaction may 
be described in terms of a parameter involving the ratio of the square of the 
Lundquist number R, = oB,z,/(47/p), where z = length of interaction region, 
ft = permeability, p = gas density, to the magnetic Reynolds number 

R,, = 4nzpuc. 


mm 


A wide range of values of this parameter has been investigated and the results 
are being published Pain & Smy (1960). 

When B, = 100 gauss no question of flow distortion arises. When B, = 30,000 
gauss the value of the significant component 5,,4;,; is about 6000 gauss. This 
field value, together with an initial channel pressure of 3mm has been found to 
be the limit at which distortion of flow is not a serious effect. At pressures below 
3mm, flow distortion is likely. 

The energy contribution to the plasma from Joule heating is 


ie 2 
[ dt = [ ous dz 
o 
and this is lost from the kinetic energy of the plasma. In addition to the magnetic 
force opposing the flow there is a radial compression by a force owB, B,. 

If Hall currents flow in the z direction (as in Patrick & Brogan 1959), the third 
mechanism reduces the conductivity by a factor of 2 or more so that the final value 
of the conductivity is seen to be the result of a number of conflicting influences. 

At the moment, although all the above factors may contribute to a distortion 
of the search-coil response, a rigorous treatment of their total effect upon the 
plasma is a matter of some difficulty which has not been attempted. The values 
of the electrical conductivity are therefore open to question in conditions where 
the oscilloscope trace departs from symmetry. Where this difficulty does not 


. 
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arise the theoretical and experimental values show quite reasonable agreement 
considering the difficulties of obtaining perfect reproducibility in the operation 


of a shock tube when attempting absolute measurements. 
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An experimental study of the explosion generated 
by a pressurized sphere 
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An experimental investigation of the explosions of 2in. diameter glass spheres 
under high internal pressure has been made. The spheres were initially filled with 
air or helium at 400 and 326p.s.i., respectively, and were exploded in air at 
atmospheric pressure. Experiments on the simulation of high-altitude explosions 
are also described. Schlieren and spark shadowgraph records of explosion pheno- 
mena, and pressure records of the reflexion of the spherical shock wave at 
various radii, are presented. 

An account of some initial experiments on the implosion of 5in. diameter 
glass spheres is given. The results were not very satisfactory because of the 
failure of the spheres to shatter in a desirable manner while under an external 
pressure of 65 p.s.i. 

Numerical solutions to the air and helium sphere explosions are described and 
the experimental wave phenomena are shown to be in good quantitative agree- 
ment with the theoretical predictions, in that they exhibit all the main features 
that were predicted and are modified only by the physical limitations of the glass 
diaphragm. A formation process is associated with the spherical shock waves in 
practice, resulting in initial shock velocities which are lower than the theoretical 
values. 


1. Introduction 

The gas-dynamics of the spherical blast in air has attacted considerable atten- 
tion over the past decade. Interest centred initially on similarity solutions to the 
hypothetical mass-less or point-source explosion in an ideal gas (von Neumann 
1944; Taylor 1950a; Latter 1955) to describe the motion of a strong spherical 
shock (or blast) wave generated by the sudden release of a large amount of 
energy, initially in an infinitely concentrated form, under the assumption that the 
form of the profiles of pressure p, density p, temperature 7', and velocity u, from 
the origin to the shock radius, are invariant with time. Similarity solutions may 
also be derived for plane (Harris 1956) or cylindrical (Lin 1954) flows. The 
applicability of similarity analyses, however, is limited to strong waves as the 
similarity assumptions are consistent only with the strong-shock form of the 
Rankine-Hugoniot condition (i.e. shock density ratio = 6 for a specific heat 
ratio y = 1-4). 

In order that blast-wave calculations may be extended down to lower shock- 
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pressure ratios, the usual form of the Rankine~Hugoniot condition must be 
incorporated as a non-stationary shock boundary condition in the non-linear 
partial differential equations. However, no integrable solution of these equations 
has yet been found and one must resort to numerical methods. Two numerical 
solutions to the point-source explosion in an ideal gas have been reported 
(Goldstine & von Neumann 1955; Brode 1955a). In view of the assumption of 
constant specific heat, however, the above point-source solutions are in error 
for very strong shock waves where high-temperature effects become appreci- 
able. However, in a later paper (Brode 1956), the thermal and caloric equations 
for an imperfect gas were incorporated in a numerical solution of the point- 
source explosion in real air. 

Recently, particular attention has been given to the flow phenomena accom- 
panying an ordinary (finite source) explosion; the explosions produced, for 
example, by the detonation of shaped charges of high explosive, the vaporization 
of wires by high-energy electrical discharges, or, as in the case of present intérest, 
by the sudden release of high-pressure gas spheres (Brode 19555). 

The wave phenomena following the sudden shattering of 2in. diameter glass 
spheres, initially filled with air or helium at high pressure, have been studied by 
optical methods in the UTIA shock sphere. This investigation is an extension of 
previous work on spherical flows which was undertaken in collaboration with 
H. L. Brode of the Rand Corporation, who performed detailed numerical 
calculations tor the conditions pertinent to the present experimental work 
(Boyer, Brode, Glass & Hall 1958). The principal optical records were radius- 
time plane schlieren photographs. Spark shadowgraph pictures are also presented 
in addition to pressure records obtained from a quartz transducer placed normal 
to the flow at various radii. 

The present paper describes these experiments and discusses the comparison 
of the helium and air sphere explosions with their numerical solutions. The results 
of some initial experiments on implosions are also described. 


2. Theoretical résumé 

The equations of motion for spherical symmetry, neglecting viscosity and heat 
condition, are written in Lagrangian form, choosing as independent variables 
the time ¢ and the initial radial position r; of a fluid element. For convenience, 
the latter variable is replaced by a mass variable X defined by X = 49,73, where 
p; is the initial gas density in the fluid element at r;. 

In order that the equations may be generally applicable to any initial total 
energy FE and any pre-shock conditions p,, p,, @,, where a is the sound speed, 
they are made non-dimensional by expressing the dependent variables in terms 
of some standard initial values. Accordingly, we define 


m= p/P, 2=plpy B=ula, O=T/T), (1) 


where the initial values are those corresponding to p, = 14-7 p.s.i. and T, = 0°C. 
The quantities », A) and a have been used for convenience and are not to be 
confused with the actual atmospheric conditions p,, p, and a, which are necessary 
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for actual scaling purposes. The independent variables are made non-dimensional 
in terms of the initial energy: 


T=a,t/e, x= Xl[pe, A=r/e, (2) 
where e* = E/p,, (3) 
and E = $nr3p,/(y—1), (4) 


the total energy initially in the sphere (region 4). 

In order to avoid the difficulties associated with the treatment of shock dis- 
continuities in the numerical calculations, Brode employed the artificial vis- 
cosity technique due to von Neumann & Richtmyer (1950). Discussions on the 
required form for the artificial viscosity in calculations of this sort have been 
described elsewhere (Brode 1955a; Latter 1955). The form of the artificial 
viscosity € used is 

fn (5,) ecaay: wu (= - i ), (5) 


» 4 37 cCx\ex \ex 


where Az is the spacing of the integration network and M is the number of spatial 
zones in the shock front. This form for € satisfies the requirement that the arti- 
ficial viscosity contributes nothing outside the shock transition region, i.e. that 
the rest of the flow field remains unaltered, since for Cu/éx positive, or zero, € = 0 
and the artificial viscosity contributed nothing, either in the initial rapid 
expansion region where the positive velocity gradient is large, or in the contact 
front. Furthermore, because of the small grid-size term Ax, € becomes appreciable 
only in regions of large negative Cu/¢x, i.e. in the shock transition region. 

The dimensionless parameters (1) and (2) are then incorporated into the 
Lagrangian equations of motion. Since the artificial viscosity (5) has the dimen- 
sions of pressure, it is non-dimensionalized (q¢ = ¢/p9) and included in the equa- 
tions with the fluid pressure term. We then obtain 


1 CA 


9 Cf . 

_ A a (mass), (6) 

op 2G “ 
he a, (7 +4) (momentum). (7) 


Also, from the condition that the entropy is a constant along a given particle 
path (particle isentropic), the following applies: 


On ley 
ory a lya+(y— 1)q] (entropy), (8) 
cA ; 
and p= a (velocity). (9) 


It is seen from the expression (4) for Z that for a particular gas and gas pres- 
sure (y and p,) in the sphere, the initial energy density (energy/unit volume) is 
fixed. The situation is analogous to that of a charge of a particular explosive, 
and an increase in r,, the initial sphere radius, is equivalent to an increase in the 
size of the charge. A change in either p, or y, however, alters the initial energy 
density and is equivalent to a change from one type of explosive to another. 

26-2 
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It was first shown empirically by Cranz (Schardin 1954) that in the explosion 
of two different sizes of charge of a particular explosive, in identical atmospheric 
conditions, the same blast pressures occur at shock radii r, which are related to 
the initial explosive energies by 


7 1 
TAA) _ (3). or, from (3), PAA) _ A) (10) 
TB) Ex Tip) &p) 

This scaling law may be investigated by experiments on the explosion of spheres 
initially at the same pressure but having different initial radii. Cranz’s principle 
is automatically taken into account in the present analysis by using € as a non- 
dimensionalizing quantity for the radial distance and the time. Furthermore, 
for a given initial sphere size, it is also possible to simulate explosions at arbitrary 
altitudes (altitude scaling) by scaling the energy density p, in the sphere by the 
same factor as the external pressure p,. 

Brode solved the non-linear partial differential equations (6) to (9) by numeric- 
ally integrating in a step-by-step manner a set of stable approximate difference 
equations (Brode 1956), using a real-gas equation of state for air. The solutions 
to the air and helium sphere problems are calculated for the following initial 


conditions: 
Air/Air py = 326p.s.i., nm = 22-1768, 
p, = 15p.s.i., 7, = 1-0204, 
T, = 299°K, 0, = 1-0952, 
€ = 6-12r,, A = 0-163r/r,, 
r = 6Ain., t = 4607 psec. 
He/Air p, = 263-7p.s.i., ma = 17-9387, 
Pp, = 14-45p.s.i., 7; = 0-9830, 


* = 300-7 °K, 6, = 1-1014, 
€ = 4-837,, A = 0-207r/r,, 
r= 4-71Ain., t = 3607 psec. 


The notation Air/Air or He/Air denotes the case of a pressurized air or helium 
sphere, respectively, exploded in air (region 1). 


3. Numerical results and discussion 
3.1. The overpressures 


The calculated decline in shock overpressure AP, with shock radius A, is shown 
in figure 1 for the point-source blast in air and in an ideal gas. The shock over- 
pressure, AP, = 7,—7;, refers to the pressure in atmospheres, immediately 
behind the shock wave, in excess of the initial or pre-shock pressure, and the 
shock radius, A, = r,/e, is in the energy-reduced dimensionless units defined 


s 


previously. For the real gas case, it is seen that the blast overpressures are lower, 
at any radius, than those for the point-source explosion in an ideal gas since a 
further amount of the available energy must now go into the dissociation and 
ionization of the high-temperature air in the real gas case. 

For comparison, the corresponding curves for the blasts from the air and 
helium spheres are shown on the same figure. Also included is the shock-over- 
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pressure curve for the blast from a spherical charge of TNT (Brode 1959). The 
initial behaviour of the gas sphere and TNT curves is quite different from that 
of the point-source curves because of the more complex gas dynamics associated 
with any finite-source explosion (new rarefaction and shock-wave phenomena, 
shock wave—contact surface interactions, etc.). However, at increasing distances 
from a finite-source explosion, the resulting blast wave will appear more and more 
like that from a point source. It has been shown (Brode 1955a, b) that the blast 
from an initially static, high-pressure sphere will assume the general shape and 
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FIGURE 1. Shock overpressure (AP, = 7,—7;) versus shock radius (A, = r,/e) for various 
I 8 3 t $ s/ 


explosions. Point source in air (real gas), ———; point source in ideal gas, — —; bare sphere 
of TNT, —--——-; helium sphere (264 p.s.i.), ——~——-; air sphere (326 p.s.i.), —--— 


values of the point-source blast after the shock wave has engulfed a mass of air 
approximately equal to 10 times the initial mass in the sphere. The shock over- 
pressure in the blast from a source of large initial mass may therefore fall to quite 
low values before the point-source solution is reached. Such is the case for the 
blasts from the present air and helium spheres, which initially contained gas at 
high density and low (room) temperature. The present curves do not reach point- 
source values until quite low overpressures, 2atm in the case of the helium 
sphere and 0-4atm for the air sphere. These shock overpressures correspond to 
shock radii of 2-6 and 6in. respectively, at which point the shock has engulfed 
a mass of air equal to 6-8 and 9-9 times the initial mass in each sphere. Because 
of its lower mass, the approach to the point-source curve is more rapid in the 
helium case. 

For the same initial pressure ratio and sphere size, the total energy initially 
in an air or helium sphere may, from (4), be written as 


7 
E = constant . ? 
y-1 
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Consequently, when scaling is possible, i.e. when the blast overpressures have 
reached point-source values, the air sphere is more efficient as a blast producer 
because it contains 5/3 as much energy as the helium sphere under the same 
initial pressure ratio. Actually, in the present case, the air sphere contains twice 
the amount of energy in the helium sphere because of the higher initial pressure 
in the air case. 


3.2. The wave systems and pressure profiles 

The theoretical distance-time (r,t) wave diagram for the air-sphere burst is 
shown in figure 2. At ¢ = 0, a 2in. diameter sphere of air at a pressure of 326 p.s.i. 
and a temperature of 299 °K (region 4) is suddenly released into atmospheric air 
at the same temperature (region 1). Theoretical profiles of the pressure ratio 7 
as a function of the reduced radius A at various times during the air-sphere ex- 
plosion are shown in figure 4. The times after release are given in microseconds 
and the position of the contact surface is indicated by a bar on the curves. 
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FicureE 2. Theoretical wave system for the explosion of a 2 in. 
diameter sphere of air initially at 326 p.s.i. 
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FiIGuRE 3. Theoretical wave system for the explosion of a 2 in. 
diameter sphere of helium initially at 264 p.s.i. 
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Pressure ratio (7 = p/p,) versus radius (A = r/e) at indicated times ¢ in the 


explosion of a sphere of air initially at 326 p.s.i. Bars denote position of the contact 
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Immediately after release (figure 2), a spherical shock wave 8, is generated 
and moves out into the surrounding air. The compressed sphere gas is expanded 
through a spherical rarefaction wave RP and a contact front C separates the 
expanded sphere gas from the air compressed by the shock. However, because 
of the three-dimensionality of the flow, no steady-state regions exist following 
a sudden spherical expansion, and the contact front and all discrete wave ele- 
ments, with the exception of the head of the rarefaction wave, are curved in the 
distance—time plane. 

Figure 4 shows that the pressure is a maximum immediately behind the shock 
wave and that it falls off continuously with increasing distances behind the shock 
front. Qualitatively, after a spherical shock wave has passed, the pressure at a 
particular radius decreases with time, resulting in the generation of expansion 
waves which move throughout the entire flow field. Those generated from ex- 
panding fluid elements close behind the shock wave, are able to overtake the 
shock and so cause it to attentuate. 

Since the mass of gas in a particular fluid element must remain constant, it 
follows that as the fluid elements of the high-pressure gas pass through a spherical 
rarefaction wave, they must expand to lower pressures than those reached 
through an equivalent one-dimensional expansion. 

As a result of these pressure variations, an inward facing, second shock wave 


S. exists in the spherical flow field. Although no mechanism is postulated for the 
development of this shock wave, its formation must be a consequence of the 
greater freedom for expansion in this type of flow. It is, in fact, a characteristic 
of cylindrical and spherical flows in general. The second shock wave has its origin 
at the tail of the rarefaction wave and develops there at an early time as the flow 
begins to experience a departure from a one-dimensional type of expansion. 
Although S, is an inward facing wave, it is initially quite weak and is therefore 
swept outwards because of the high expansion velocity (figure 4). However, as its 
strength is continually increasing, it soon comes to rest and then moves in to 
implode on the origin as shown in the last three curves of figure 4. 

The contact surface initially moves outwards behind the main shock wave but 
with a continually decreasing velocity. After 220 usec, the front ceases its out- 
ward motion altogether and begins to move in towards the origin again, following 
the inward motion of the gas induced by the rapidly imploding second shock wave. 
The velocity of the inward moving gas increases from the contact front to a maxi- 
mum just behind S,. Thesecond shock itself, however, is moving into an expanding 
region of flow, the outward expansion velocity being a maximum immediately 
in front of S,. 

The path taken by the contact front is indicative of the paths taken by fluid 
elements behind the main shock wave, i.e. the flow velocities behind a spherical 
shock wave will exhibit a negative phase in which particles that have been set 
into outward motion by the shock will gradually come to rest and then move 
back towards their initial positions. (A negative phase of velocity refers to the 
fact that the particle velocity is directed towards the sphere centre; a negative 
phase of overpressure refers to the fact that the pressure has fallen below the 
initial or pre-shock pressure.) 
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After implosion, the second shock wave moves out again, interacts with the 
contact surface, and is transmitted through the front. This shock, however, 
does not overtake the main shock S, in the present Air/Air problem as it emerges 
from the contact front behind the maximum of the negative velocity phase of 
the main shock. Furthermore, in interacting with the contact surface, the second 
shock wave passes from cold dense air to hotter, more rarefied air and as a result, 
a rarefaction wave is reflected back towards the origin from the point of 
interaction. 

Following this second inward rarefaction wave is an inward-facing third shock 
wave S, as the situation is again similar to that requiring the formation of S,. 





t=1 85 usec 




















Figure 5. Pressure ratio (7 = p/po) versus radius (A = r/e) at indicated times ¢ 
in the explosion «f a sphere of helium initially at 264 p.s.i. 


In the present case, however, the third shock is so weak, and occurs so late in the 
problem that it is difficult to detect in the numerical solution. Consequently, the 
indicated path for S, in figure 2 is only approximate. These events are repeated 
as further reflexions and refractions occur at the contact surface. The path of the 
reflected head of the initial rarefaction wave is also shown in the figure. Further 
reflexions and refractions take place as this wave passes through the second 
shock wave and the contact surface, and it is evident that the flow in the interior 
regions of the Air/Air problem becomes quite complex. 

The theoretical distance-time (r,t)-wave system following the sudden release 
of a 2 in. diameter sphere of helium, initially at 264 p.s.i. and 300-7 °K is shown 
in figure 3. Theoretical profiles of the pressure ratio 7 as a function of the reduced 
radius A at selected times during the helium-sphere explosion are shown in figure 5 
and will be referred to in the discussion of the wave diagram of figure 3. 

The initial development of the flow is the same as that previously described 
for the Air/Air case. In detail, however, the helium problem is quite different. 
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In spite of the lower initial pressure ratio, the main shock wave S, is initially 
stronger than that in the air problem because helium has a higher sound speed 
and is a more efficient driver as in the shock tube case. Because of this higher 
sound speed, a speed almost three times that in air at the present initial tem- 
peratures, the expansion of the high-pressure helium is considerably more rapid 
that the air expansion. As a consequence, the second shock wave in the helium 
case implodes on the sphere centre in almost a quarter of the time taken in the 
air case (94sec compared with 350 usec), after being swept out for a shorter 
time (41 psec compared with 173 usec) and to a smaller maximum radius (1-2 in. 
compared with 2:1 in.). 

The main difference between the helium and air problems, however, is in the 
nature of the interior flow between the origin and the contact surface. The second 
shock wave moves against the gas flow both during the implosion and after 
reflexion from the centre of the sphere and is then transmitted through the 
contact surface to travel outward behind the main shock. As in the air problem, 
this shock wave lies behind the maximum of the negative velocity phase of S, 
and therefore does not overtake the main shock wave. The same is true, in- 
cidentally, in the TNT case (Brode 1959). The wave system for the helium case 
is, in fact, very similar to’that calculated for the TNT explosion. However, for 
a similar problem in which the sphere of gas is initially at a very high tem- 
perature, the second shock wave moves out earlier and is able to overtake and 
reinforce the main shock wave (Brode 19555). 

On traversing the helium-—air interface, S, encounters a hotter denser gas and 
as a result a third shock wave S, is reflected from the interface and travels back 
towards the centre of the sphere (figure 5, 185 sec). At this stage the contact 
surface is essentially stationary as distinct from the oscillatory motion of the 
air-sphere interface. After reflexion from the centre of the sphere, S, undergoes 
a further intersection with the contact surface generating a fourth shock S,, 
which moves inward through the helium, and the third shock is transmitted to 
follow S, (figure 5, 310 usec). The helium interior is therefore repeatedly traversed 
by shock waves as further interactions occur. 


3.3. The temperature profiles 


Theoretical space plots of the temperature as a function of the radius for the air- 
sphere problem are shown in figures 6 and 7. Temperatures have been given in °K 
and the radii in inches, and each curve is identified by the elapsed time in micro- 
seconds after release. The early development of the flow over the first 40 usec is 
shown in figure 6 and the contact surface is now clearly indicated by the tem- 
perature discontinuity there. 

Perhaps the most noticeable feature in this figure is the increase in temperature 
behind the main shock wave. When a spherical shock wave passes through the 
air, the entropy of the air is increased by an amount which depends upon the 
strength of the shock wave. However, since a spherical shock wave attenuates 
with increasing distance from its source, the entropy increase imparted to the 
air diminishes with increasing shock radius. The air is therefore left in a state in 
which the entropy decreases radially. 
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In the previous discussion of the (r, t)-wave diagrams, it was shown that the 
pressure of fluid elements set in motion by the shock wave decreases as the 
elements move out to larger radii (greater volumes). In expanding, the tem- 
perature of these elements decreases. This cooling is therefore in opposition to 
the temperature increase of each fluid element due to entropy addition imparted 











t=34s 
aid T T +r oe l T 7) 
| N 24 
. | | I 40 
waa’ 9 Td | 
| | ; 
| | | | | a | 
— 300k = Ft | 
.- | SS Mb | Cc | 
= = NSE LUISE | 
i SNE 1 
Lf 
100- S> 
| | 
| 
ol i 1 Nl N 1 1 om 
04 06 Os 1 12 14 16 18 
r (in.) 


Figure 6. Temperature 7’ versus radius r at indicated times ¢ in the 
explosion of a sphere of air initially at 326 p.s.i. 
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FiGuRE 7. Temperature 7' versus radius r at indicated times ¢ 
in the explosion of a sphere of air initially at 326 p.s.i. 


by the shock. When the shock waves are reasonably strong, however (figure 6). 
the effect of entropy increase is dominant and the curves show an increase in tem- 
perature with distance behind the shock. However, at later times when the shock 
has decreased in strength (figure 7) the entropy increase becomes insignificant, 
being of only third order in the shock strength for weak shocks, and the tem- 
perature decrease due to expansion becomes dominant. 

Temperatures at times during the implosion of S, are shown in figure 7. The 
solution indicates that the initial expansion lowers the temperature in front of 
the imploding shock wave to about 25°K. Actually, of course, the component 
gases of air would be solid at this temperature. The temperature after expansion 
in the corresponding shock-tube problem is 180°K. After S, has passed, the air 
between S, and the contact surface remains at about 100 °K. Temperature profiles 
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within the first 20 usec in the helium-sphere explosion are similar to those dis- 
cussed above for early times in the air problem and show a temperature increase 
with distance behind the shock front. The temperature attains higher values in 
this case, however, because of the stronger initial shock. At later times, tem- 
perature profiles in the helium case reflect the more complex shock history in the 
helium interior. 

A noticeable feature in the air and helium-sphere solutions is the fact that tem- 
peratures near the origin remain quite high after the implosion of S,. The re- 
peated compression of the sphere gas by the implosion of shock waves arising 
from shock-contact surface interactions, is responsible for the change from the 
initial isothermal temperature distribution. The temperature increases at points 
progressively closer to the origin as the strength of the imploding shock wave 
increases (figure 7). This type of temperature distribution at the origin is charac- 
teristic of the point-source case. The present distribution would be altered, how- 
ever, by the inclusion of heat conduction in the analysis. 

Further theoretical profiles for the present Air/Air and He/Air problems have 
been reported previously (Boyer et al. 1958; Boyer 1959). These include plots of 
the temporal and spatial variation of the density and particle velocity, the 
variation of the values of these quantities immediately behind the shock front 
with shock radius, and plots of the durations of the positive phase of shock 
overpressure, velocity and impulse. 


4. Experimental equipment 

The experiments were conducted in the 3ft. diameter shock sphere at the 
Institute of Aerophysics. Pressure and vacuum lines to the shock sphere are 
controlled from a console and enable the shock sphere to be either evacuated or 
pressurized and provide for up to two glass spheres to be independently evacuated 
or pressurized with the same or different gases. The glass spheres (soda-lime and 
Pyrex) were hand blown to the required diameter and fitted with a 3in. stem of 
7mm glass tubing. The glass spheres (without stems) weighed from 15 to 18¢ 
each and had a nominal wall thickness from about 0-030 to 0-040in. The stems 
were cemented (Hysol) into 4 in. lengths of }in. pipe and the prepared sphere 
was installed at the centre of the shock sphere. The glass spheres were shattered 
by means of a solenoid-actuated, spring-loaded mallet, the operation of which 
was synchronized with the shutter of a rotating drum camera used in recording 
the schlieren (7,¢)-plane records. An SLM PZ-6 quartz pressure transducer was 
mounted in a special holder in the end of a steel tube which passed through a port 
in the side of the shock sphere and was used to obtain pressure records of the flow 
at various radii. 


5. Experimental procedure 


5.1. Scope of the experimental work 


In the course of the present experimental programme, spherical flows were 
initiated by the sudden shattering of glass spheres initially in a state of high 
tensile or compressive stress as a result of a pressure differential. The experi- 
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mental study consisted of two parts. The first and major portion of the work was 
concerned with the explosion of 2in. diameter glass spheres, initially filled with 
air at 400p.s.i. or helium at 326p.s.i. The second part of the work was con- 
cerned with the implosion of 5in. diameter glass spheres, initially evacuated to 
a pressure of 300mm Hg while under an external (air) pressure of 65p.s.i. 
Schlieren radius—time plane photographs of the flow from the exploding air and 
helium spheres were obtained by using a 12 in. diameter schlieren optical system 
in conjunction with a rotating drum camera. Measurement of the schlieren 
records enabled the velocities of all shock phenomena to be determined at various 
radii. The velocity of the glass fragments was also measured from the schlieren 
record of each explosion. Instantaneous spark shadowgraph pictures of the 
air and helium-sphere explosions were recorded at various times following the 
shattering of the spheres. A spark source was used in conjunction with one of the 
12in. diameter, 71-5in. focal length parabolic schlieren mirrors to produce a 
parallel beam for direct shadowgraphs. The spark circuitry was so arranged that 
the spark was triggered, after a preset delay, by contact between the breaker 
mallet and a strip of aluminium foil glued to the base of the glass sphere. 

The pressure history behind the reflected spherical shock wave was recorded 
at several radii in the air and helium-sphere explosions, including those on alti- 
tude scaling. An SLM PZ-6 quartz transducer was mounted normal to the flow 
and the transducer output was recorded on a Tektronix 545 oscilloscope. The 
pressure measurements served as a check on the wave-speed studies rather than 
a means of measuring pressure profiles at a given radius as a function of time 
since pressure measurements of this type require the use of small blast-type 
gauges. Such gauges were not available for these experiments. The SLM gauge 
was calibrated statically in an Ashcroft dead weight gauge tester. A dynamic 
calibration was also performed by mounting the gauge in the end-plate of a shock 
tube and comparing the measured pressure behind the reflected shock wave with 
that calculated from simple shock-tube theory for an incident shock wave of 
pressure ratio 4, for which viscous effects in the shock tube are negligible. These 
calibration procedures were in excellent agreement and showed a gauge sensi- 
tivity of 10mV/p.s.i. for the selected pressure range of the instrument. The 
pressure records were obtained simultaneously with the schlieren records. 


5.2. Correction for the glass fragments 


Although the theoretical calculations were carried out for initial air and helium- 
sphere pressures of 326 and 264p.s.i. respectively, the corresponding experi- 
mental pressures were 400 and 326 p.s.i. The higher initial pressures in the experi- 
mental case represent a correction for the kinetic energy possessed by the rapidly 
moving glass fragments, since the energy involved in glass motion represents a 
decrease in the total amount of energy available for the rest of the flow. The 
initial experimental work was therefore concerned with the measurement of the 
energy involved in the motion of the glass fragments. Schlieren records were 
obtained of a number of trial air and helium-sphere explosions at several initial 
sphere pressures. Since the mass of glass in each sphere (excludingthe stem) was 
known, the glass velocities obtained from the schlieren photographs enabled the 
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kinetic energies to be calculated. Differences between these energies and the 
initial energies in the spheres were compared with the corresponding energies 
assumed in the theoretical calculations. In this way it was possible to decide 
upon a value for the initial sphere pressure to be used in the air and helium 
explosions which would approximately account for the energy later taken up as 
kinetic energy by the moving glass fragments. 

The giass kinetic energies were calculated subsequently from all the experi- 
mental runs and indicated that the initial pressures of 400 and 326 p.s.i. in the 
air and helium spheres, respectively, adequately accounted for the initial pres- 
sures of 326 and 264p.s.i. used in the theoretical calculations. The average 
velocity of the glass fragments was 295 ft./sec in the 18 g air-sphere explosions, 
and 215ft./sec in the 16g helium-sphere explosions. In both cases, approxi- 
mately 16°%, of the initial energy appeared as kinetic energy of the glass 
fragments. 


5.3. Altitude scaling 


Some experiments on altitude scaling were performed in which pressurized air 
and helium spheres were exploded in air at reduced pressure. It was mentioned 
in §2 that the non-dimensionalized equations are applicable to any pre-shock 
conditions (provided the initial pressures are not low enough for dissociation 
and ionization to occur). Consequently, it is seen from the expression for ¢ 
(equations (3) and (4)), where 
Ps 
(y-1)p,’ 


3 47,3 
eF = 91T; 


that, for a particular size of initial sphere (r;), at standard temperatures, € remains 
unaltered if the initial sphere density, or pressure (p,), is changed by the same 
factor as the external pressure (p,). The calculated solutions to the air and 
helium-sphere problems are, therefore, still applicable. Similarly, schlieren 
(r,t)-plane photographs of such scaled explosions should be quantitatively the 
same as those of the previous explosions in air at atmospheric pressure. In- 
cidentally, in the case of a solid explosive, no such altitude scaling experiments 
are possible because of the fixed energy density of the charge. 

A series of experiments was therefore performed in which glass spheres, 
initially pressurized with air or helium to 200 and 163 p.s.i. respectively, were 
exploded in air at a pressure of 0-5atm (7-3p.s.i.). This external pressure is 
equivalent to the atmospheric pressure at an altitude of 18,000 ft. In reducing 
the initial sphere pressures to half their previous values for these scaling experi- 
ments, the pressure correction for the energy of glass motion was automatically 
halved also. However, the kinetic energies were also calculated from these 
experiments and it was found that the glass took the same proportion of energy 
from the flow as in the unscaled explosions. The initial sphere pressures in these 
experiments were then satisfactory for scaling as required. The glass spheres 
were lighter (15g) than those used in the unscaled explosions, and the average 
glass fragment velocities were smaller, 230 ft./sec in the air case and 150 ft./sec 
in the helium case. 
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6. Experimental results and discussion 
6.1. Shadowgraph records of the explosions 


Representative spark shadowgraph pictures of the explosion of the air spheres 
are shown in figures 8 (plate 1) and 9 (plate 2). The shadowgraphs were recorded 
from individual explosions at the indicated time delays after the mallet struck 
the sphere. A portion of the } in. pipe which initially held the glass sphere appears 
at the top of each picture. The plunger of the solenoid-operated breaker is also 
visible. The fine wire appearing in each of these shadowgraphs is part of the spark 
circuitry which was triggered by contact between the aluminium foil and the 
grounded breaker mallet. 

Figure 8 was recorded 300 usec after the mallet struck the glass sphere. The 
shock wave is seen to be reasonably well formed, although there is still some 
non-uniformity in the curvature of the shock profile. Numerous compression 
waves may also be seen in the air behind the shock front. These experiments 
have shown that the spherical shock wave is not generated immediately, but is 
formed, as in the plane case, by the overtaking and coalescing of many com- 
pression fronts. The glass sphere has shattered though it still maintains a spherical 
shape and the sphere interior is completely masked by the glass fragments. 
These fragments will be seen to cause the complete obliteration of the early 
interior flow phenomena in the schlieren photographs. The turbulence in the 
escaping gas and the irregular profile of the interface are well illustrated in these 
shadowgraph pictures. 

After 320 usec (figure 9), the shock front is quite spherical, illustrating the 
stability of form exhibited by the main spherical shock wave in these experi- 
ments in smoothing out, or redistributing the non-uniformities in shock curvature 
at earlier times. The shock wave is diffracting around the pressure-gauge holder 
in this figure and the shock wave reflected from the face of the holder is moving 
back towards the exploding sphere. The small dark objects in the expanding 
sphere gas at the bottom of this spark picture are pieces of the strip of aluminium 
foil initially glued to the base of the sphere. During the equalization of the pres- 
sures behind the reflected and diffracted shock waves, a vortex is formed as the 
flow separates around the front edge of the gauge holder. This vortex then travels 
along the holder behind the diffracted shock wave. The developing vortex is just 
visible in this figure and weak disturbances may still be seen in the flow field 
between the interface and the shock front. 

Unfortunately, because of the extreme irregularity of the contact front, 
caused by the presence of glass fragments in the escaping sphere gas, it was not 
possible to observe the effect of the deceleration of the contact region on the 
stability of the interface in the air and helium-sphere problems. This refers to 
the stability of the interface between two accelerated fluids of different densities. 
The stability condition derived for the plane case (Taylor 19506) shows that the 
interface is stable (or unstable) if the acceleration is directed from the heavier 
to the lighter fluid (or vice versa). The corresponding problem for fluids in radial 
motion has been treated by Plesset (1954). Accordingly, since the density in the 
contact region in the Air/Air case is greater than that of the shocked air outside, 
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the decelerating interface in the air-sphere explosions should always be unstable. 
The helium-air interface, on the other hand, should be stable because of the 
slightly denser region outside the front. It may be shown, however, that under 
certain conditions (Plesset 1954) in the spherical] problem, instability is also 
possible in the latter case. 


6.2. Schlieren records of the explosions 


A radial distance-time (r,t)-plane schlieren record of the flow during the ex- 
plosion of a 2in. diameter air sphere is shown in figure 10 (plate 3), together with 
an explanatory diagram. The initial sphere pressure in this case was only 326 p.s.i., 
the pressure assumed in the theoretical air calculations, and the figure has been 
included for purposes of schlieren photograph interpretation only. The record 
was taken during the initial series of explosion experiments in order to determine 
approximately what percentage of the energy assumed available for the flow in 
the theoretical calculations actually appeared as kinetic energy of the moving 
glass fragments. The radial distance and time scales indicated in the explanatory 
diagram of figure 10 apply to all the schlieren photographs. 

Perhaps the most noticeable feature in this schlieren record is the excellent 
symmetry of the flow. The figure shows good quantitative agreement with the 
theoretical wave diagram for the Air/ Air case (figure 2). The main spherical shock 


wave S, is shown moving outwards, followed by the contact surface C, which 
quickly comes to rest and then moves in slightly towards the original sphere 


centre. The implosion of the second shock wave S, is discernible in the photo- 
graph and its subsequent outward motion from the centre is seen quite clearly. 
No third shock wave was evident in any of the Air/Airschlieren records. The shock 


wave S,, reflected off the pressure gauge is also seen moving back into the flow. 
Because of the decrease in outward flow velocity with increasing distance behind 


the shock front, S, r is seen to accelerate as the velocity of the opposing flow 
decreases. The gauge in this case was located at a radius of 7 in. These reflected 
shocks will appear in most of the (r,¢)-photographs since the schlieren records 
were taken in conjunction with the pressure measurements. The unbroken glass 
sphere @ is indicated at times before ¢ = 0 and its shattered fragments F during 
the explosion are also identified. At later times, shock waves may be seen re- 
entering the field of view after reflexion from the wall of the shock sphere. 

A typical schlieren record of the explosion of a 400 p.s.i. air sphere is shown in 
figure lla (plate 4). A schlieren photograph of one of the altitude scaling experi- 
ments has also been included for comparison in the above figure. This record, 
labelled (6) in the figure, is one of a 200p.s.i. air sphere exploded in air at a 
pressure of 7-3 p.s.i. It has been shown that this explosion should be the same as 
that of the 400 p.s.i. air sphere case and the records in this figure do, in fact, show 
very good quantitative agreement. There are, of course, some differences in 
detail, the slightly later implosion of S, in the altitude scaling experiments, 
for example, but these will be considered at a later stage when the comparison 
between the theoretical and experimental wave diagrams will be discussed. 

Owing to its curvature, the initial glass sphere @ is effectively opaque in a 
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FIGURE 8. Spark shadowgraph of the explosion of a 2 in. diameter sphere of air. SLM 
pressure gauge mounted at right. Initial sphere pressure = 400 p.s.i. Time delay = 300 psec. 
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FiGure 9. Spark shadowgraph of the explosion of a 2 in. diameter sphere of air showing 
shock reflexion from an SLM pressure gauge. Initial sphere pressure = 400 p.s.i. Time 


delay = 320 usec. 
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FiGurRE 10. Schlieren (r, ¢)-plane record of the explosion of a 2 in. diameter sphere of air. 
Explanatory sketch on the right. py = 326 p.s.i.. py = 14-4 p.s.i. G = glass sphere still 


intact; # = fragments of shattered sphere; 7, ,= 24-7°C. 
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Fiacure 12. Schlieren (7, ¢)-plane record of the explosion of a 2 in. diameter sphere of 
helium initially at 326 p.s.i. Shock reflexion from an SLM pressure gauge appears on 


the left. p, = 14-5 p.s.i. T . = 25-5°C. 
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FiGURE 17. Schlieren (7, ¢)-plane record of the implosion of a 5 in. diameter glass sphere. 
explanatory sketch on the right. G = glass sphere still intact. F = fragments of shattered 


sphere. p, = 65 p.s.i. (30% SF,, 70% air). p, = 300 mm He¢ (air). 7, , = 23°5°C. 
| Pi I i Pi 1,4 
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schlieren system and, in addition, any interior wave phenomena are completely 
obliterated by glass fragments during the first 200 usec of the flow. It was not 
possible, therefore, to observe the initial rarefaction wave in these experiments. 

The schlieren photographs show that prior to implosion, S, appears to be 
composed of several rather poorly defined shocks (figure 10). Disturbances from 
the shattering glass sphere and the diffraction of the second shock wave around 
glass fragments during its early growth probably introduce considerable irregu- 
larity into the profile of this shock wave. The irregularities in a horizontal plane 
at right angles to the optical path would then give the appearance of multiple 
shocks in a schlieren photograph. Furthermore, once formed, the irregularities 
in the shock profile will not necessarily be damped out as the shock implodes on 
the sphere centre. 

Perry & Kantrowitz (1951) have referred to stable shock waves as those which 
tend to dampen out random disturbances and assume a profile of uniform cur- 
vature. Such stability of form is shown, for example, by all one-dimensional 
plane, cylindrical and spherical shock waves moving away from their point of 
origin. The shock stability in the spherical case is well illustrated in the spark 
shadowgraph pictures. However, in a study on the production of converging 
(imploding) cylindrical shock waves (Perry & Kantrowitz 1951) it was shown 
that although a stable convergence may exist for low shock strengths, shock 
stability decreases with increasing shock strength. This has also been shown to 
be true in the spherical case (Butler 1956). Similar effects may therefore be 
expected in the present spherical problems as the second shock wave increases 


in strength during implosion. However, the present problems are further com- 
plicated by the fact that the second shock wave implodes into a non-uniform 
region and shock profile irregularities may therefore be accentuated by dis- 


turbances originating in front of the shock. 

The initial diffuseness of the main shock front in the schlieren photographs, 
and the broad region immediately behind the front, indicate the process of shock 
formation which has already been pointed out in the spark shadowgraph pictures. 
The schlieren records show the shock wave to be formed after about 200 psec, 
and to have achieved its maximum velocity at this time. A region of expansion 
associated with the deceleration of the contact front can then be seen following 
the main shock wave in all the schlieren photographs. 

A schlieren photograph of the explosion of a 2in. diameter sphere of helium 
initially at 326 p.s.i. is shown in figure 12 (plate 5). The sphere was exploded in air 
at atmospheric pressure. The record shows good quantitative agreement with the 
theoretical wave diagram of figure 3. Because of the considerable irregularity 
in the profile of the contact front, as shown in the shadowgraph pictures, the 
front appears to have several extremities in the schlieren photograph very much 
like the case of the imploding shock wave discussed earlier. 

A third shock wave is seen moving out behind S, and, as indicated in figure 3, 
it is moving at a higher velocity than the second shock wave. Similarly, S, travels 
at a lower velocity than the main shock wave, in agreement with the theoretical 
predictions. The third shock wave is not very distinct on the left side of the 
schlieren record in figure 12, and in fact on many schlieren photographs it could 
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not be seen at all. However, since this shock wave is generated by the interaction 
between the second shock wave and the contact surface, the extended and 
irregular nature of the latter would probably result in the third shock wave being 
poorly formed and consequently more difficult to detect. The generation of a 
well-formed fourth shock wave is therefore even less likely. Again, unfortunately, 
the glass fragments have obliterated the early interior flow and no shock implo- 
sion phenomena can be seen. 


6.3. Dimensional scaling 


In view of the fact that the definition of the interior flow in the helium spheres 
was quite poor, several additional experiments were performed under circum- 
stances such that schlieren records of these explosions represented an effective 
enlargement of the previous schlieren photographs by a factor of two. In this 
way it was hoped that something of the interior wave phenomena in the helium- 
sphere explosions could be observed. 

Referring again to the expression for € (equations (3) and (4)), it is seen that 
for a constant initial pressure ratio, we may write simply that € = const. r;. 
If then similar helium-sphere explosions were generated using 4in. diameter 
spheres at the same initial pressure ratio as in the 2in. diameter cases, the 
theoretical solutions are still applicable except that the parameters 7 and A now 
represent times (¢ = e7/a,) and radial distances (r = eA) which are twice those in 
the 2in. diameter sphere problem. This is actually an example of the type of 
scaling law that may be used in predicting the magnitudes of the blast phenomena 
associated with the detonation of large solid explosive charges from field and 
laboratory measurements made on smaller charges (Schardin 1954). Such scaling 
laws are based on the fact that the properties of a blast wave are unchanged if 
the scales of length and time by which they are measured, are changed by the 
same factor as the dimensions of the charge. 

Although such laws are strictly applicable only after the shock wave has 
travelled a certain distance from the source of the explosion, several helium- 
sphere explosion experiments were performed using 4in. diameter glass spheres 
under the same initial pressure ratios as in the ordinary 2 in. helium-sphere cases. 
Schlieren photographs of these explosions should therefore afford a reasonable 
check on dimensional scaling in addition to their main purpose of enlarging the 
flow field in an attempt to observe implosion phenomena. 

Unfortunately, no implosion phenomena could be seen in schlieren records of 
the larger sphere explosions in spite of the fact that the glass fragments did not 
entirely obliterate the interior region. It is likely, however, that the second shock 
wave was too poorly formed to be detectable through the turbulent gas of the 
contact front; it was, in fact, only detectable after it emerged from the contact 
front. From the point of view of scaling, however, a comparison of the schlieren 
records of the 2 and 4in. diameter helium-sphere explosions indicated that the 
scale of the latter explosions, in distance and time, was approximately doubled 
over that of the 2in. diameter sphere cases. As a consequence of scaling, the 
shock speed (or strength) at a particular radial distance from the 4in. diameter 
sphere explosion should be equal to the shock speed at half this radius from the 
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2in. diameter sphere explosion. This was found to be approximately the case. 
The average velocity of the main spherical shock wave between 4 and 5in. from 
the 2in. diameter He/Air case was 1310 ft./sec and that between 8 and 10in. 
from the 4in. diameter He/ Air case was 1370 ft./sec. 


6.4. Comparison with theoretical predictions 


The experimental wave systems from all the schlieren records of the 400 p.s.i. 
air-sphere explosions have been compared with the numerically calculated wave 
diagram for the Air/Air case. A typical comparison is shown in figure 13. In the 
interests of clarity, the experimental profiles shown in each of these figures have 
been chosen as representative of a large group of experimental curves. A typical 
wave diagram from some of the schlieren photographs of the Air/Air altitude 
scaling experiments has also been included and is shown by the dashed profile 
in this figure. 

The experimental wave systems are in good agreement with theory in that 
they exhibit all the main features that were predicated and are modified only by 
the physical limitations of the glass diaphragm. The figure shows that initially, 
in the experimental case, the main spherical shock waves travel with a velocity 
lower than the theoretical value but that after a short time, corresponding to 
about 4in. of shock travel, both the theoretical and experimental shock waves 
move at about the same speed. Immediately after release, the theoretical shock 
wave attains the velocity prescribed by the initial pressure ratio and then under- 
goes a rather rapid initial decay. The experimental shock waves, on the other 
hand, undergo a formation process, as in the plane case, and take a finite time to 
develop. Furthermore, owing to the inherent radial decay during the formation 
period, the shocks when formed are considerably weaker than predicted theoretic- 
ally. Thus although the experimental and theoretical shock waves attain approxi- 
mately the same speed after about 4in. of travel, initially the theoretical shock 
wave races ahead of the compression waves forming the actual shocks. 

The experimental second shock waves are in very good agreement with the 
theory in regard to shock velocity and time of arrival at radii beyond 3in., in 
spite of the later implosion times of the second shock waves in practice, times 
which are of the order to 500 usec compared with the theoretical implosion time 
of 350usec. The second shock waves implode with a lower velocity and are 
therefore weaker than theory, most probably as a result of poor formation and 
non-uniform convergence due to the effects of disturbances produced during the 
shattering of the glass spheres and the diffraction of these shock waves around 
glass fragments during their early motion. After implosion, on the other hand, 
these shock waves reflect with a higher velocity than the computed values. This 
in turn is probably the result of their lower implosion strengths in that the 
inward moving, or opposing flow velocities are less than the computed values. 
The net result is that the motions of the second shock waves in these experi- 
ments match the theory to fair accuracy at radii beyond the contact surface. 

The contact fronts in the exploding spheres show a marked difference from 
their theoretical behaviour by expanding to larger radii and exhibiting only 
very slight oscillation. However, the apparent maximum radii of the contact 
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surfaces in this figure is artificial. It has already been pointed out that the 
extremely irregular nature of the contact front causes it to have several apparent 
extremities in a schlieren photograph. The experimental contact fronts shown 
in this figure are those traced from the maximum outline of the front in the 
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FictrE 13. Theoretical and experimental wave systems following the shattering of a 2 in. 
diameter glass sphere initially pressurized with air at room temperature. Theory (initial 
sphere pressure = 326 p.s.i.), ———; experiment (p, = 400 p.s.i., p, = 1 atm), ——; experi- 
ment (altitude scaling, p, = 200 p.s.i., p, = 7:3 p.s.i.), --——. 


photographs and are therefore representative of the maximum radii reached by 
the gas protuberances in the irregular interface. It is reasonable to say that 
averaged contact front diameters, i.e. ones that smoothed out the irregularities 
in profile, would be smaller than those indicated in the figure. 

The altitude scaling experiments (200 p.s.i./7-3 p.s.i.) are seen to agree quite 
well with the experimental wave diagrams from the 400 p.s.i. spheres in figure 13, 
particularly in the motions of the main spherical shock wave and the contact 
surface. The times of implosion of the second shock waves, however, are about 
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60 psec later than in the 400 p.s.i. sphere explosions, and as a result they tend to 
arrive at particular radii at slightly later times than the second shock waves of 
the 400p.s.i. case, though with approximately the same velocity. The later 
implosion times are probably the result of a slower breaking process because of 
the smaller pressure differential across the glass sphere. Because of their initial 
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FicurE 14. Theoretical and experimental wave systems following the shattering of a 2 in. 
diameter glass sphere initially pressurized to 326 p.s.i. with air at room temperature. 
Theory, ; experiment (p, = 1 atm), ——. 





diffuseness, it was difficult to measure the main shock velocities at times earlier 
than about 150 sec. Nevertheless, it has already been shown in figure 13 that 
velocities during the early shock formation process are considerably less than 
theoretical values. After formation, however, all the main shock velocities are 
within 65 ft./sec of the theoretical speed and approach this speed more closely 
at larger radii. 

A comparison between the theoretical wave diagram and the experimental 
wave systems from the explosion of air spheres, initially at 326 p.s.i., is shown in 
figure 14. Since the initial sphere pressure in these experiments was that assumed 
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in the numerical calculations, these explosions therefore incorporated no cor- 
rection for the kinetic energy of the moving glass fragments. It is seen, however, 
that the experimental wave systems of figure 14 differ only slightly from those 
in figure 13. Furthermore, the average shock velocity at a radius of 6in. from 
the 326 p.s.i. sphere explosions is only 20 ft./sec less than the shock speed at the 
same radius in the 400 p.s.i. case, in spite of the fact that an allowance for the 
motion of the glass fragments was included in the latter experiments. 

Ii is difficult to say whether or not this slight difference in shock speed is 
reasonable. The results indicate that the correction for the moving glass frag- 
ments has had only a very slight effect on the flow, in spite of the fact that the 
energy added in the pressure corrections accounted for the kinetic energy of the 
glass to within 3% in all cases. From this it would appear that the present 
explosion experiments are not particularly sensitive to initial pressure ratio 
(p4/p,) since, in the air case, for example, a 75 p.s.i. increase in the initial sphere 
pressure resulted in only a small change in the mean shock velocity. It should 
not be construed, however, that the correction for the energy of the glass frag- 
ments is not effective. It is possible that the correction affects the flow at very 
early times but that its effect is masked by formation processes. On the other 
hand, there is the possibility that the smallness of the effect of the pressure 
correction may be real in that a similar numerical calculation assuming an initial 
pressure of 400 p.s.i. may exhibit only a small change in the characteristics of 
the flow. 

Experimental wave systems representative of the schlieren records of the 
326 p.s.i. helium-sphere explosions are compared with the theoretical wave dia- 
gram for the He/Air case in figure 15. A profile representing the results of the 
He/ Air altitude scaling experiments (163 p.s.i./7-3 p.s.i.) has also been included 
and is indicated by the dashed lines. As in the Air/ Air case, the formation process 
of the main shock waves in practice results in initial velocities which are lower 
than the theoretical shock velocity. After about 150 usec, however, the shock 
waves travel at approximately the theoretical velocity. The contact fronts 
move out to radii larger than the theoretical radius and then remain essentially 
stationary. A factor influencing the apparent motion of the contact surface has 
already been mentioned in the discussion on the air-sphere explosions, and a 
similar argument applies to the discrepancy between theory and experiment 
for the helium—air interface. 

The second shock waves, at the radii where they are first discernible, arrive 
about 75 usec later than the theoretical second shock wave but travel faster, and 
attenuate less rapidly. Although no implosion phenomena could be seen, the 
breaking process is similar to that in the air-sphere explosions and could be 
expected to affect the implosion of the second shock wave in the manner dis- 
cussed previously for the air case. However, in view of the more rapid implosion 
and reflexion of the second shock wave in the helium case, the effects of the finite 
breaking time of the sphere could result in greater time delays between the 
theoretical and experimental second shock positions in this case. 

It has been mentioned previously that because of the extreme irregularity of 
the interface, the third shock waves were poorly formed and therefore poorly 
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defined on the schlieren records. Their profiles in figure 15 show considerable 
variation both in velocity and time of arrival at particular radii. The later 
arrival of the third shock wave is expected for two reasons. First, the implosion 
of the second shock wave is late, and secondly, since S, is generated by the 
reflexion of S, at the helium-air interface, the larger radius of this interface 
results in a later second shock-interface interaction and consequently a later S; 
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FicurE 15. Theoretical and experimental wave systems following the shattering of a 2 in. 
diameter glass sphere initially pressurized with helium at room temperature. Theory 
(initial sphere pressure = 264 p.s.i.), ; experiment (p, = 326 p.s.i., p, = 1 atm), 
experiment (altitude scaling, p, = 163 p.s.i., p, = 7:3 p.s.i.), -———. 








implosion and reflexion. The results of the altitude scaling experiments show 
good agreement with the 326p.s.i. helium-sphere explosions except for the 
tendency of the second shock waves to arrive at slightly later times than those of 
the 326p.s.i. experiments, again indicating a longer formation time when the 
initial pressure differential is smaller. The same was true in the air sphere alti- 
tude-scaling experiments. The velocity of the main shock wave approaches the 
theoretical velocity more closely as the shock radius increases and is within 
15 ft./sec of the theoretical speed at a radius of 8 in. 
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6.5. Pressure records 
A typical oscilloscope record of the response of the SLM pressure transducer is 
shown in figure 16. The trace represents the pressure variation behind the 
reflected spherical shock wave at a radius of 5-7in. during the explosion of a 
400 p.s.i. air sphere. The arrival of the first and second shock waves at the pressure 
gauge is clearly seen in this figure. Excellent repeatability was exhibited in the 
several pressure records obtained at each radial position of the gauge in all 


experiments. 
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FicuRE 16. Oscilloscope record of the response of an SLM pressure gauge to the blast 
from a 2 in. diameter sphere of air initially at 400 p.s.i. Gauge face is normal to the flow 


at a radius of 5:7in. p, = 14-5 p.s.i. Ty 4 = 23-5°C. 





The results of the pressure measurements are summarized in table 1. The table 
shows the peak reflected shock overpressures (AP;, = p;—p,), measured from 
the pressure records of the air and helium-sphere explosions, for several radial 
positions of the pressure gauge. p, is the peak reflected shock pressure and p, the 
initial pressure. The measured AP, are compared with the AP; calculated from 
the velocity w, of the main shock wave incident on the pressure gauge. The 
pressures are shown also in terms of the peak reflected shock-pressure ratio 
(P., = ps;/p,). The results are in quite reasonable agreement particularly in view 
of the limitations on the accuracy of the measurement of the shock velocity from 
the schlieren records and the measurement of the peak AP;, from the pressure 
records. 

The shock velocities were determined from the (r,¢)-schlieren records by 
measuring the film velocity (rotational speed of drum camera) and the angle 
made by the trace of the shock wave with the time direction of the film. The 
accuracy of shock-velocity measurement was about + 20ft./sec (or 1-6%) at 
the present shock speeds. However, it may be shown that a variation of 20 ft./sec 
in the incident shock velocity causes a calculated change of about 1-5 p.s.i. in 
AP», or half this value in the altitude-scaling experiments (see columns 6 and 7, 
table 1). It can further be shown that for the present range of shock strengths, 
a 1-6°% change in shock velocity produces a 6°% change in reflected shock- 


pressure ratio (P;,). 


APR (p.-s.i.) [mumerical solution] 
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The presence of ringing in the response of the SLM pressure gauge to shock- 
wave reflexion caused some difficulty in the measurement of the Air/Air and 
He/Air pressure records. Ringing was also present in the pressure records taken 
during the dynamic calibration experiments on the SLM gauge. In the shock 
tube case, however, the region behind the reflected shock wave is one of essen- 
tially constant pressure and the magnitude of the reflected shock overpressure, 
taken as that corresponding to the mean of the ringing, could be determined quite 
easily. In the pressure records of the explosion experiments, however, it is seen 
that the reflected shock overpressure decreases with time and it was difficult, 
therefore, to decide with confidence upon a value for the peak AP, in such cases. 
This was particularly true for the He/Air pressure records as they exhibit a more 
rapid fall off in pressure than the Air/Air cases. The numerical solutions have, 
in fact, shown that the duration of positive overpressure in the helium case is 
shorter than that in the air case at the same shock radius. 

In view of the preceding remarks on experimental measurement, the agree- 
ment shown in table 1 between the measured peak reflected shock overpressures 
and those calculated from incident shock-velocity measurements is quite satis- 
factory. Shown also in this table are values for the incident shock velocity 
calculated from the measured AP,,. It is seen that, with the exception of some of 
the He/Air results, all the incident shock velocities calculated from the pressure 
records are within 20 ft./sec of the velocities measured from the schlieren 
records. 

The corresponding values of the peak reflected shock overpressure obtained 
from the numerical solutions to the Air/Air and He/Air sphere problems are 
shown at the bottom of table 1. It is evident that the numerically calculated 
values of AP;,, differ considerably from the values measured experimentally. 
This discrepancy is due to the lower velocity of the shock waves in practice, as 
shown in the wave diagrams on figures 13 to 15. However, the differences 
between the experimental and theoretical (numerical solution) AP, are readily 
accounted for by the increase in AP,, of at least 1-5p.s.i. for each 20 ft./sec 
increment in shock velocity between the experimental and theoretical values. 
Finally, as a further check on the reliability of the shock-velocity measurements, 
the reflected shock velocities were calculated from the measured velocities of 
the waves incident on the pressure gauge. These calculated velocities are shown 
in table 1 and are seen to be in very good agreement with the reflected shock 
velocities measured from the schlieren records. 

A characteristic feature in all the pressure records is the abrupt fall off in the 
pressure profile after about 50sec and the rise to a peak again after about 
120 usec, followed by a more gradual decay. It would seem that a more reason- 
able profile would be obtained by ignoring this ‘valley’ and bridging it instead 
by a smoothly falling curve. This abrupt fall off in pressure may be the result of 
the diffraction of the incident shock wave over the gauge holder (figure 9). Since 
the pressure behind the reflected shock wave on the front face of the holder is 
greater than the pressure in the diffracted shock wave on the sides of the holder, 
a rarefaction wave moves in from the perimeter of the face towards the pressure 
gauge at its centre in order to reduce the pressure. 
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Based upon calculations using the measured velocity of the incident shock 
wave, the average time for the head of the rarefaction wave, travelling at sonic 
velocity, to sweep in from the edge and reach the pressure gauge is 44 usec. This 
compares favourably with 49 usec as the average of the measured times after 
shock arrival at which the pressure abruptly falls off in the SLM records. The 
merit of this view could be investigated by increasing the diameter of the 
reflecting plane at the gauge so that edge disturbances could not arrive during 
the period of pressure measurement. 

It is possible to estimate the shattering times of the glass spheres in these 
experiments by comparing the times of arrival of the shock wave at a particular 
radius in the schlieren and the pressure records. In the schlieren records, times 
are measured from a t = 0 corresponding to the time at which the shock wave 
appears to leave the glass sphere (figure 10). In the pressure records, however, 
the main sweep of the oscilloscope is triggered at the instant of contact between 
the mallet and the aluminium foil on the bottom of the glass sphere. Any differ- 
ence, therefore, between times of shock arrival measured from the schlieren 
and pressure records approximately represents the time taken for the glass sphere 
to absorb the energy of mallet impact and shatter. Such time intervals were 
between 50-60 usec in the 400 p.s.i. air and 326 p.s.i. helium-sphere explosions. 
The corresponding times in the altitude-scaling experiments were slightly longer 
(60-100 sec) because of the lower internal pressures and consequent smaller 
initial loading on the glass spheres in these cases, resulting in a slower breaking 
process. 

6.6. Initial experiments on spherical implosions 
A number of experiments were performed on the implosion of 5in. diameter 
glass spheres initially subjected to an external air pressure of 65p.s.i. and 
evacuated internally to a pressure of 300mm Hg. The mounting was similar to 
that used for the 2in. spheres in the explosion experiments and the spheres 
were shattered by the same breaker unit. 

Unfortunately, the implosion experiments were only moderately successful. 
A real obstacle towards obtaining satisfactory results was the tendency of the 
glass sphere to shatter locally first, at the region of mallet contact, which allowed 
the external gas to enter the sphere volume from the base, while the rest of the 
sphere remained essentially intact for several] hundred microseconds. This 
process was clearly shown in spark shadowgraph pictures of the implosions. 
The unsatisfactory nature of the shattering process was felt to be largely due to 
insufficient external pressure on the glass sphere. However, a restriction was 
placed on the maximum shock-sphere pressure by the limited strength of the 
laminated glass observation windows. Furthermore, the glass spheres are 
stronger under the compressive loads of implosion studies than they would be 
under the tensile loads for explosion experiments at the same pressure differential. 

A schlieren (r,¢)-record of the implosion of a 5in. diameter sphere is shown in 
figure 17 (plate 6), together with an explanatory diagram. In this case, the shock 
sphere was pressurized to 65p.s.i. with a mixture of air and sulphur-hexa- 
fluoride (70 % air, 30°% SF,), and the interior was evacuated to 300 mm Hg. The 
figure shows, qualitatively at least, the expected implosion wave configuration. 
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A rarefaction wave R moves out as the external gas expands into the sphere 
volume. At the same time a shock wave moves in towards the centre, reflects 


there and moves out, S, to eventually overtake the rarefaction wave. Actually, 
the record shows a region of compression rather than a discrete shock. Additional 
wave elements will be produced as a result of shock-contact front interactions. 

The glass sphere is seen to remain apparently intact for several hundred micro- 
seconds after being struck by the mallet at ¢ = 0, before the interior is gradually 
obliterated by the arrival of glass fragments from the base of the sphere. The 
weak waves seen emanating from the sphere from the instant of mallet contact 
are partly due to vibration of the glass sphere as was confirmed by the appearance 
of similar waves in the schlieren record of a glass sphere, under no pressure 
differential, undergoing impact from the mallet. 

The results of the implosion experiments, although disappointing, have at 
least served to point out some of the experimental difficulties that must be 
overcome for the satisfactory generation of spherical imposions by means of the 
present technique. Ideally, in analogy with the explosion case, the external 
pressure should be reasonably close to the crushing pressure of the glass sphere. 
However, in the event that external pressures are limited by structural considera- 
tions, it may be possible to improve the shattering characteristics of the glass 
spheres by the use of rapidly cooled, or quenched spheres, since the consequent 
higher internal stresses may result in a more desirable shattering. 


7. Conclusions 


Reproducible and symmetrical spherical explosions have been produced by 
the shattering of 2in. diameter glass spheres, initially pressurized with air or 
helium. Radius—time plane schlieren photographs of these explosions have shown 
good quantitative agreement with the corresponding theoretical wave systems 
in that they exhibit all the main features that were predicted and are modified 
only by the physical limitations of the glass diaphragm. The schlieren and spark 
shadowgraph records have shown that there is a formation process associated 
with the spherical shock waves in practice, resulting in initial shock velocities 
which are lower than the theoretical predictions. In addition, the presence of 
glass fragments in the expanding high-pressure sphere gas is responsible for the 
introduction of considerable turbulence into the contact region. 

The experiments have further shown that the present technique may be used 
to simulate explosions at arbitrary altitudes, by a suitable scaling of the initial 
sphere and external gas densities, provided no significant imperfect gas effects 
occur (as would be the case at very high altitudes when scaling is inapplicable). 
Schlieren records of the explosion experiments performed in a region of half- 
atmospheric pressure, under conditions scaled to represent the ordinary air and 
helium-sphere explosions in air at atmospheric pressure, were in excellent 
agreement with the schlieren records of these latter cases. 

The peak pressures measured from the response of a quartz pressure trans- 
ducer to the reflexion of the spherical shock wave at various radii, have been 
compared with the pressures calculated from the measured shock velocity at 
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corresponding radii. The measured and experimentally derived pressures agree 
to within the limits imposed by the accuracy of shock-velocity measurement. 

Initial experiments on the implosion of 5in. diameter glass spheres were not 
very satisfactory because of the failure of the spheres to shatter in a desirable 
manner while under an external pressure of 65 p.s.i. 
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The expansion method introduced by Friedrichs (1948) for the systematic 
development of shallow-water theory for water waves of large wavelength was 
used by Keller (1948) to obtain the first approximation for the finite-amplitude 
solitary wave of Boussinesq (1872) and Rayleigh (1876), as well as for periodic 
waves of permanent type, corresponding to the cnoidal waves of Korteweg & 
de Vries (1895). 

The present investigation extends Friedrich’s method so as to include terms 
up to the fourth order from shallow-water theory for a flat horizontal bottom, 
and thereby obtains the complete second approximations to both cnoidal and 
solitary waves. These second approximations show that, unlike the first approxi- 
mation, the vertical motions cannot be considered as negligible, and that the 
pressure variation is no longer hydrostatic. 


1. Introduction 

This paper is primarily concerned with higher-order solutions of the finite- 
amplitude, long w: ter waves which are propagated without a change in shape in 
shallow water. We will obtain the exact second approximations to the solitary 
wave first analysed by Boussinesq (1872) and Rayleigh (1876), and to the periodic 
waves of permanent form, the so-called ‘cnoidal’ waves, which were discovered 
by Korteweg & de Vries (1895). 

The successive approximations are obtained through Friedrichs’s (1948) 
expansion method for shallow-water theory. This method consists of a power 
series development in terms of a dimensionless parameter which is related to the 
transformations that are found necessary in order to yield the classical non-linear 
shallow-water equations from the zero-order terms in this small perturbation 
series. Friedrichs’s expansion method was analysed and discussed by Stoker 
(1957), and was used by Keller (1948) to obtain the first approximation to the 
solitary wave and periodic waves resembling the cnoidal waves. It will be shown 
that if only the first-order terms are retained, then the solution obtained by 
Friedrichs’s (1948) method is identical to the one first given by Korteweg & 
de Vries (1895). 

The second approximations to the solitary and cnoidal waves will be shown to 
depend on some of the fourth-order terms in the Friedrichs’s expansion method. 
These second approximations will show that, in the higher-order terms, the 
variation in pressure is no longer hydrostatic, and that the vertical velocity and 
vertical accelerations are no longer small in magnitude. These relations are used 
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to indicate that probably the maximum elevation of any wave of finite amplitude 
is 4, of the depth below the trough. This indicates that the limiting total height 
of a solitary wave may be 1-727h, where h is the undisturbed water depth. This 
value is in much better agreement with the experimental data of Daily & 
Stephan (1952) than is the commonly used value of 1-782, as obtained by 
McCowan (1894), or the value of 1-827 as recently derived by Yamada (1957). 

The use of Friedrichs (1948) expansion method for these particular shallow- 
water investigations has been shown to have at least an asymptotic significance 
by the existence proof of Friedrichs & Hyers (1954) for solitary waves, and the 
corresponding existence proof by Littman (1957) for cnoidal waves. Truesdell 
(1956, p. xeviii) has also pointed out that Friedrichs’s expansion method for 
shallow-water waves is only a particular case of a more general perturbation 
series developed by Lagrange. 


2. Friedrichs’s expansion method for non-linear shallow-water theory 


If we follow the procedure introduced by Friedrichs (1948), we ‘stretch’ the 
vertical independent variable y with respect to the horizontal independent 
variable x by introducing the following non-dimensional variables based upon 
reference lengths d and e with d <e: 





a _# 
a ear 
uU v [d 
U=—"., Va (‘). 2.1 
V (9d) \ (94) \e a 
_h oe _ Ap 
sali d’ a — 


These non-dimensional variables are then introduced into the continuity 
equation, the equations of motion, the potential or irrotationality condition, 
and the boundary conditions at the free surface y = 9 and at the flat horizontal 
rigid bottom y = —h = const. (see figure 1), which are written as follows in terms 
of the Euler variables for steady flow in the direction of the a-axis only (e.g. see 
Stoker (1957, p. 28) or Lamb (1932)): 

U,+v, = 9, 
] 
UU, +0U, = ~ Prs 
al ll a (2.2) 
V, =U 
Ap(z, 1) = p(x, 1) — Patmos. = 9; 
v(x, 4) = u(x, y)y,, v(x, —h) = 0. 





In terms of the non-dimensional stretching parameter defined by (2.1) and 


ao = (d/e)? < 1, (2.3) 








432 E. V. Laitone 


equations (2.2) are transformed to 


oUy+V; = 0, } 
a(UUy + Py) + VU, = 9, 
o(UVy + Py +1)+ VV, = 0, (2.4) 


Vy = Vy P(X, N) = 0, 
V(X,N) =cU(X,N)Nx, V(X, -H) =0.) 


Now, following Friedrichs (1948), we assume that U, V, and P each has a power 
series expansion in terms of the stretching parameter defined by (2.3) in the form 





F(X,Y) = ¥ o"F(X, Y) | 
) 


a (2.5) 
for -H<Y<¢«N(X)= > oN(X),| 
r=0 


Since H is known (a constant for the flat horizontal bottom case being considered). 
therefore U and V can be directly evaluated at Y = — H. However, at the free 
surface Y = N(X), we cannot directly evaluate U, V, or P since N is unknown 
and changing directly with each N, for every order of approximation. Con- 
sequently, we must follow the procedure of Friedrichs (1948) and Keller (1948) 
by evaluating U, V, P and all their derivatives at the zero-order elevation given 
by N,(X). New we will generalize this procedure, so as to directly obtain the 
terms of a higher order than given by Keller (1948), by expressing either U, V, 
or P at the surface by means of the Taylor series expansion of each term of 
(2.5). Thus, 
5 
F(X,N)= > o* F(X.) 


n=0 


’ ; — ee ee 
_ Sgn sy (NAM | mF (X, } ] 
a= «=e mt oym —_s 
x 
with N-N = ¥ o°N,(X). (2.6) 
r=1 


Therefore, to the fourth order, we have for either U, V, or P 
F(X, N) = (F,+0(N, Fy, + F)+0%M,h, +4NIh, + MF, +h) 
+0(N,%,+MNK,, +h, +A, tik, + MB, +h) 
’ 1H 27 INF 72.7 74 
+04 NK) +3NPK tM NK, + 3h Mh, t2aNi hy 


+N,F +N, MK, + 3M, + MR +4Nih, + MF + Ely-n,: 
(2.7) 


7 
Ory 


Then, upon introducing (2.5) and (2.7) into (2.4), we obtain for the zero-order 
J 


terms H, =9, HH, =9=% # | 


Ky = Uy, Po(X, No) = 9, | (2.8) 
VW(X,No) = 9, K(X, —H) = 90; 
which may be solved to yield the following: 
U, = U,(X), V(X, Y)=0, B(X,N,) = 0. (2.9) 
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With these relations kept in mind, the o terms from (2.4) reduce to 
OU +h, = 9, 
Ul, +h,=0, B,=-1, 
4, =U, , (2.10) 
P(X,M)+N,P,, = 0, 
Vi(X,M) =U)N,, Vi(X, —H) = 0. 





Now if we restrict ourselves to the steady-state finite-amplitude waves that 

are defined by U, = const., we have from (2.9) and (2.10) 

U, = const., ,W=0=V), U,=f(X), 
; 0 é _ - . 1 “Fe ) - ; } (2.11) 
N, = const., P(X,Y)=N,—Y, P(X,N) =N,(X).J 

As shown by Keller (1948) this is the only finite-amplitude solution to the first 
order of approximation. We can duplicate his results by obtaining the o terms 
of (2.4) as 


U, +e, = 9, 
Ot Fay — aj. hi | (2.12) 
Vp. = U3, P,(X, No) — N2 = 0, | 
¥,(X,N) =U,N,, V(X, —H) =0, 
which may be integrated to yield 
-P(X) = |UU,,dX = UG f(X)+C = - NIX), (2.13) 
J a 
V(x, ¥)= “1 U,,dY =-(Y+H)fy. (2.14) 
a 
fr V(XA,N).. . 
— N,(X) =| _ Fal 2 ”) ax = - ~ A x) +0. (2.15) 
0 0 


Consequently, the identities for N, in (2.13) and (2.15) show that U, is restricted 
to the unique constant value given by 
U) = V(No+ 4), Uy = V[9(%o +A)). (2.16) 
This proves that the only non-trivial first-order finite-amplitude solution would 
correspond to a hydraulic jump having N,_ = 0 on both sides of the discontinuity. 
The second-order solution can now be found by evaluating f(X) in the same 
manner as just used to find U,. That is, we find one expression for NV, from the 
free surface boundary condition defined by constant pressure on the surface, 
or P,(X,N) = 0, and another expression for N, from the corresponding free 
surface boundary condition for V,(X, NV’). Then, by equating these two identities, 
we will find a differencial equation to be satisfied by f(X). 


3. The first approximation to the cnoidal and solitary waves 


In somewhat the same manner as just outlined in §2, Keller (1948) used 
Friedrichs’s (1948) expansion to obtain the first approximation to finite amplitude 
waves similar to the periodic cnoidal waves of Korteweg & de Vries (1895), and 
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similar to the solitary wave of Boussinesq (1872) and Rayleigh (1876). It will 
now be shown that if the proper order of terms are retained throughout, then 
Friedrichs’s expansion method, as introduced in § 2, will give exactly the same 
first approximation to finite-amplitude waves as originally given by Korteweg 
& de Vries. 
The o* terms of (2.4), as obtained by introducing (2.5), (2.7) and (2.11), are 
now found to be the following: 
OR Ec A = 0, ) 
ny? he 
UU, +U,U,,+F,, = 9, 
Ov, +P, = 9, 
V5. = U3,» (3.1) 
P(X, Ny) —Ng+N, Py, = 0, 
V(X, No) = UM, +U,N,, - MI, = UM, - (Uo f+ Ox, 
V(X, —H) = 0. : 





The second and third equations in (3.1) may be integrated to yield 
P(X, Y) = —U,U,—4f?+ const. (3.2) 
Then, upon substituting (3.2) into (2.12), we obtain 
N,(X) = P(X, No) = (40,(N3 + 2HN,) fx x —U) R— bf? + const. ], (3.3) 


since we find from (2.12) and (2.14) that 


a 


U(X, Y)=(.dY =—-—|](Y¥+A)fyydY = —43(¥?2+2AY)fyy+ R(X). (3.4) 
2 2y xX 2 XN 


Another expression for V, may now be derived by integrating the first equation 
in (3.1) with V,(X, — H) = 0 to obtain 
” ¥ 
V(X, YY) =—- | U, dY = [}(¥°+3H Y?—2H*)fxyx—(Y¥+H)Rx]. (3.5) 
J-H ~ 
Then, by substituting this into the boundary condition for V(X, Nj) in (3.1), we 
finally obtain, after integration with respect to X, 
N,(X) = [Up f?+ Cf + }(N§ + 3HNG — 2H?) fy x —(No +H) R] (Uy) + const. (3.6) 


We then combine (3.3) and (3.6) to find the ordinary differential equation 


defining f(X): _ 307 
ffxx- (sa)- (Ta)f+G = 0, (3.7) 


after noticing that R(X) is eliminated by introducing (2.16). 
The periodic solution of (3.7) for cnoidal waves is given by the square of the 

Jacobian elliptic function en, which has the modulus k and the real period defined 

by 4K(k), where K(k) is the complete elliptic integral of the first kind. This 

f(X) = —4£UB a?k?en?(aX, *) 
C = £U8a2(2k?—1), 


C, = $Usa4K2(1 12) > 0. | 


solution is 


(3.8) 
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The limiting case of k = 1, C, = 0 corresponds to the solitary wave solution of 
Boussinesq (1872) and Rayleigh (1876) since 


cn(aX,1) = sechaX. (3.9) 
However, it is obvious that the other limit of k = 0, namely 
cn(aX,0) = cosaX, (3.10) 


cannot provide an explicit solution of (3.7). This is in agreement with the fact 
that the trigonometric functions cannot form an exact, explicit solution for 
finite-amplitude, steady-state waveforms, as first proved by Korteweg & 
de Vries (1895). 


4, 











-h y=-h 





FicurE 1. The cnoidal wave for 
k2=0-9, a/h=0-7129, 2K/A=a/e=0-771/h, A/h = 6-68 < 10, 
nih = 0-260, 7/h = 0-7129 cn2(0-771az/h), C/,/(gh) = 1-057. 


The constants C and \, can now be evaluated from the boundary conditions 
for the cnoidal wave, as shown in figure 1, by combining (2.5), (2.15) and (3.8) as 


ME) _ N(X)E = [N+ oN, +0(0)] 


_ 2, © pa r76 272 "4X b)— 2k?—V 
“4 + vay (3U0% k?) | en?(aX, k) RB 


a 


h 


ax 3 a + af 3 /a\}b a\3 
E = Bea Semel yee : K€ 333 
where aX a itd Fe aun h EE (7) + (7) , (3.12) 


, dU; } 
since 2=14 lo 


h h’ 


(DP p-2 (>]-2 __ 3 
No _ (= , ‘) es (= 7 7 (4USa2K2). (3.13) 


’ ,(a\? 
en?(aX, k) +0(7) ; (3.11) 


i:2 ezh 








436 E. V. Laitone 


The complete solution of the first approximation to cnoidal waves may therefore 
be obtained as 


se Y”) _ (P+ oP,+ Oo)" ~ mer" so(7) (3.14) 
u(x) : ; », (4\3 2k2-1\a (2) ("): ae 

= [l 5 = mo = ; oO. Le 
(gh) [U,+aU,+0(e n(j) 1+( a2 yi h + (3.15) 


o(t,y) _ - a , (5) _i 4 WH), off) 
Jigh) ~ ee OCG = (147) t+; 


y\ [3 /a\3]3 : ‘ : a\3 
- -(1 +: | : ( | en(aX, k)sn(aX, k)dn(aX, k) +0/ . (3.16) 
hh} (k2N\AS h 

This first approximation to the cnoidal wave (or the solitary wave for k = 1) is 
identical to the solutions originally given by Korteweg & de Vries (1895) if one 
correctly eliminates their higher-order terms which will be shown to be incorrect. 
It is interesting to note that the pressure is still hydrostatic but the vertical 
velocity cannot be neglected, as commonly assumed. Although the vertical 
velocity magnitude is of a slightly higher order of approximation, it is not a 
negligible quantity of order (a/h)?. We were able to evaluate the vertical velocity 
variation, which is seen to be a linear function of the water depth, since V, does 
not depend upon the unknown function R(X) which we must now evaluate in 
order to determine the next approximation to the cnoidal wave. 


4. The second approximation to the cnoidal and solitary waves 
In order to obtain the next, or second approximation we now need the o* 
terms of (2.4), which may be obtained by the same procedure as used in § 3. Thus, 

U3; +Vs, = 9, 
UU, + UVa, + Ua, +P, + Vala, = 0, 
UVa, +Uh, +P, + lah, = 0. 
U,, 
P(X, No) -Ny+ MP, +3 NTP + MA, = 9, 

V(X, No) = Uy Ns + U, Ng, + U,M,,- Mh - M3, 


2 
Xx a 


= [UN +(NU,), + (M02) Jv=n,: 


V(X, —H) = 0. 


=VJ,, 
4s , (4.1) 





The second and third equations in (4.1) may be integrated to yield 
P(X, Y) = —U,U,—-U,U,—4V2 + const., (4.2) 
so that the fifth equation in (3.1) may then be written as 
N3(X) = P(X, No) +4 P2 
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after noting that U, may be obtained from (3.1) and (3.5) as 


U,(X, Y) = [n, dY 
= (fy V4 4H Y8— SHY) fey HY*+2HY) Rx + S(X)}. (44) 


Another expression for N, is developed from the first and last two equations in 
(4.1) by writing 


ey 
eed U;,dY 
—H : 
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+4(Y3+3H Y2— 2H) Ryyy—(¥+H)Sx}, (4.5) 
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l 
= y N, 
Uy of 
(Up f+C)[-4(N5+2HM) fxxt+ R\;, Tees (4.6) 
Then, by taking N, from (3.3), we may equate (4.3) and (4.6) to obtain the fol- 
lowing ordinary differential equation to be satisfied by R(X): 


U3 C iwc wake 14 a7 
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The solution of (4.7) that corresponds to (3.8) is given by 


. Of mB \t(, 9H , 
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so (3.3), or (3.6), becomes 


ae. a 
NX) = (7) zg) en4(aX, k) 


5 (_h ie¥ Bale eet 57kA| 
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which we now may add to (3.11) to give the second approximation as 
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The periodic boundary conditions shown in figure 1 now yield the relations 
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which may be solved for the second approximation as 
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h, h “ss OOO 


\ 


pgh h et 
y(x)—Yy ( = La” Fs 
h h} 4k? (2 hh 


. \ 


lI 


a 


3 
x [1 —k? + 2(2k?— 1) cn*(aX, k) — 3k?en4(aX, k)] + o(;) . (4.20) 


These second approximations to the cnoidal wave show that the (a/h)? terms 
of Korteweg & de Vries (1895) are not all correct, although their expressions 
predict nearly the same behaviour as do (4.16) to (4.20). Their results are most 
nearly correct for the limiting case of the solitary wave (k = 1). As a matter of 
fact, their expressions for the solitary wave profile and its propagation velocity 
may be written as 


yz) a, -_ 3 fa\? ae (<)" 
= Fsech® aX A sech? a X(1—sech?aX)+0 A 
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and these results are seen to be in exact agreement with the values given by 
(4.16), (4.17) and (4.18) for this limiting case of k = 1. 

The solitary wave propagation velocity given by (4.21) is also in exact agree- 
ment with the one obtained by Weinstein (1926), after his numerical error is 
corrected as was done by Long (1956), and also by Hunt (1955) who derived 


u(co) 142 1 (a\? 3 (° - : 
Vigh) — Th 20 i) 70 i) sa 


la 3 /a\? 3 /a\® 
= 1+ 55-90 (5) +54 (3) Pisin (4.22) 
Since Weinstein used an entirely different expansion method for his successive 
approximations to the solitary wave, and his corrected results as given in (4.22) 
are in agreement with the preceding results derived by Friedrichs’s expansion 
method, therefore we are led to believe that the power series in terms of o does 
converge as long as (a/h) < 1 and k is sufficiently near unity. Littman (1957) 
gave an existence proof for cnoidal waves, using a method resembling the one 
used by Friedrichs & Hyers (1954) to prove the existence of solitary waves, which 
demonstrated that at least for cnoidal waves Friedrichs’s expansion method may 
only give an asymptotic description. 

It is interesting to note that values of k near unity correspond to supercritical 
flow, or wu > (gh). For example, (4.21) in itself shows that the solitary wave 
(k = 1) can only occur in supercritical flow. However, as first proved by Littman 
(1957), the cnoidal wave can exist in either subcritical or supercritical flow, but 
it must be noted that Littman’s existence proof is valid only near critical flow, 
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so cnoidal waves may be restricted to near critical flow. The conditions necessary 
for subcritical flow are best determined from considerations of the average pro- 
pagation velocity. Following Korteweg & de Vries (1895), we define the average 
velocity of propagation C, as the constant horizontal velocity which would 
reduce the resultant horizontal momentum to zero. Therefore, from (3.15), 
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Jo I udydz 
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mee dy dx 
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while from (3.11) and (3.12) we obtain 
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because (3.12) and figure 1 shows that the wavelength A is given by 
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Then, if we substitute (4.24) into (4.23) and retain only the first-order terms, 
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we obtain 


which is identical to the expression first given by Korteweg & de Vries (1895). 
It is important to note that the average propagation velocity defined by (4.26) 
satisfies both definitions proposed by Stokes (1880, p. 203) in this first (or 
linearized) approximation, as may be seen after integrating (3.15) by noting (4.24) 


1 (4 wiz) 2k?-—1\a C a\2 
A J, Vga” = [1 +( 2h? )5+0(;) -5{ d de] = 5+ O(;) - 


However, this is only true for the first approximation since the second approxi- 
mation (4.18) shows that the local velocity now depends upon y also. 
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The direct effect of the second approximation on the wavelength is shown by 
solving (4.17) to obtain 


A 4kK(k) Tk? -~2\a a\2 . 
hh (3a/h)3 (“se ) 5+ (;) |. (4.27) 


which conclusively proves that Korteweg & de Vries (1895) were correct in 
eliminating the higher-order terms from (4.25) and (4.26). A comparison of (4.25) 
and (4.27) indicates how the second approximation directly alters the coefficients 
of the terms that must be neglected. 


Equation (4.26) shows that the critical velocity (C = ,/(gh)) is attained when 
E(k) 1 . . A 4:87 a 

=—, K(k) = 2-321, 2 — 2.8261, — = — 1 4 4.28 

Ki) 2 *™) ’ a ame +0(;)| aa 


Consequently, subcritical flow can only occur if k < 0-9 and (A/h) < 4-87/,/(a/h). 
Since the generally accepted, experimentally verified, restriction on shallow- 
water theory is that A > 10h, therefore finite amplitude cnoidal waves must 
have k near unity, and have their average propagation velocities near critical. 
For example, if k = 0-7, then a/h < 0-09 in order to keep A > 10h, and this 
amplitude of wave height is such that it may be better described by the higher- 
order terms of the small amplitude surface-wave theory of Stokes (1880, pp. 197 
and 314). As previously pointed out, the limiting value of k = 0 is not a solution 
of (3.7), and as shown by (3.15) and (4.26) small values of k can make all the 
velocities negative, so they are physically impossible unless the wave amplitude 
approaches zero as a limiting value. 


5. The limiting height and maximum velocity of cnoidal and solitary 
waves 

A comparison of (3.14) and (4.20) proves that the hydrostatic pressure assump- 
tion for finite amplitude shallow-water waves is valid only to the first order of 
(a/h). Even more important, however, is the fact that (4.19) shows that the 
vertical velocity variation is no longer monotonic if a/h is sufficiently large. For 
example, (3.16) gave a linear variation in vertical velocity, whereas (4.19) 
proves that the increase of v with a/h can be completely reversed for all y near 
the surface of a wave crest whenever 


a 8k? 8 3 a(zx\* a\? 

= <—, | > yj, 2(aX,k) = }1— O , (5.1 
“weet 44 «ee rot, ” (;) oo 
since all y = a must be neglected in (4.19) because they form terms of O(a/h)*. 
This reversal in the variation of the vertical velocity may be considered as 
defining the limiting height of cnoidal waves, the maximum value occurring 
for the solitary wave when k = 1, so (4.21) and (5.1) yield 


a YH 8 u(oo) ao - 
(i)... 7 11’ ' ak. = 1-284. (5.2) 


That is, we have defined the limiting height as the smallest height at which the 
vertical velocity ceases to be a monotonic function of y. It can now be shown 
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that this provides a rational limiting height and velocity for the solitary wave by 
noting that for the special case of k = 1 we may write (4.13) as 
3 


a+h 


nattern[i-f-BG))} 


yz —Yy +a = 0, | 


which has a real solution only if 


ath 12 a 5 u(co) ss 
>—, <=, =; < 1-281. (5.4) 
a 5 e 3 (gh) 


These limiting values are not only in close numerical agreement but are also 
consistent with the order of approximation involved since ? = 0-7143 is based 
on the equation for 9 which is of the order (a/h)*, whereas ;§- = 0-7273 is based 
on the equation for v which is of the order (a/h)?. These values are in excellent 
agreement with recent experimental investigations by Daily & Stephan (1952), 
and Ippen & Kulin (1955), who have shown that all steady-state solitary waves 
have (a/h) < 0-72 rather than the limiting value of 0-782 as originally evaluated 
by McCowan (1894), or the value of 0-827 as recently obtained by Yamada (1957). 

It must be noted that (5.2) is the first theoretical evaluation of the limiting 
height of solitary waves that is based upon the vertical velocity variation. The 
previous limiting heights have been primarily based upon approximate numerical 
calculations of a profile having a sharp peak with an enclosed angle of 120°, in 
accordance with Stokes’s (1880, p. 227) conjecture that this would define the 
limiting height since it would correspond to a relative local velocity of zero at the 
crest. However, Korteweg & de Vries (1895) have proved that any finite ampli- 
tude, shallow-water profile that did not correspond to (4.21) would not be steady 
with respect to time; consequently, the sharp peak 120° wave crest should always 
be higher than the limiting value of ;°- since it corresponds to an unstable wave 
that has exceeded the breaking height. Experimental observations by the author 
have shown that when the limiting height of ;5- is approached, the wave crest 
breaks unsymmetrically with a round crest instead of a sharp peak. 

For cnoidal waves, (5.1) would define the limiting height for the vertical velo- 
city reversal, and (4.18) would give the corresponding horizontal velocity com- 
ponent. However, for a cnoidal wave it is generally more desirable to refer the 
wave profile to the average depth (2 +7) (see figure 1) rather than the depth h 
that occurs beneath the wave tough. Only in the limiting case of k = 1 does 
h represent the still-water depth at an infinite distance from the solitary wave. 
For values of k < 1 the average depth (h + 7) would correspond to the still-water 
depth since it represents the height of the water surface if the cnoidal waves were 
flattened. The first approximation for 7 is given by (4.24), and as would be 
expected, 7 = 0 for the solitary wave (k = 1,A ~ K +o). It is interesting to 
note from (3.15) and (4.26) that (w—C), the relative velocity of the water par- 
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Consequently, the relative velocity of the water particles is zero at the average 
depth (h +7), and is in the direction of the wave propagation only when 9 < 7. 

The above results are for the first approximation to cnoidal waves, and now 
may be carried out to the second approximation by introducing (4.16) into 
(4.24) to obtain 


7  Ufrn(x), {fa 3/a\?] 1 E(k) . 
h oA [ _* li-a(3) lela" i) 


, 4% we. Le <i E(k) > _ Fp2 4. 8h ’ a | 
+( (4 i +(e Ol +31] +0(5) | 


-alza- -19)| i) Lf pg_ ape, HC) —, 
~ hel K(e) ky/+( | ~ Ti) egy (BY (8— 88). 
(5.6) 


As before, 7) = 0 for the limiting case of the solitary wave (k = 1, A ~ K +o). 
In addition, through a rather fortunate circumstance, the second approximation 
for 7 gives approximately the same value as does the first approximation (4.24) 
because a numerical comparison shows that 

E(k) = (1 — k*) (8 — 3h*) ww 3 0 5s. tes (5.7) 

K(k) * (8 — 7k?) _— a “sae ” 
This numerical approximation seems to be remarkably accurate for small values 
of k. Of course, as previously pointed out, the finite-amplitude cnoidal wave 
theory is only valid for k approaching unity, so (5.2) may be considered as defining 
the limiting values of the heights and propagation velocities of cnoidal waves, 
with 7 closely approximated by (4.24). 
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The influence of radiative transfer on the propagation 
of a temperature wave in a stratified 
diffusing atmosphere 
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An approximate solution is presented to the problem of the propagation of a 
temperature wave through a stratified medium which both diffuses and radiates 
heat. The solution is a combination of two waves whose relative amplitudes vary 
with the distance from the lower boundary. Apparent diffusivities computed 
from phase lag and attenuation coefficients can differ greatly from each other 
and can vary with height even if the actual diffusivity does not. 

An example, using parameters simulating the earth’s atmosphere, suggests 
that analysis of the propagation of the diurnal wave upward from the earth’s 
surface is likely to be inadequate if radiative effects are not considered. 


1. Introduction 

Rider & Robinson (1951) have shown that, in not uncommon circumstances 
in the lowest layers of the atmosphere, radiation is comparable in importance to 
convection in the control of temperature and humidity. A theoretical treatment 
of the problem of the upward propagation of the diurnal temperature wave 
should therefore include radiative transfer terms. The only attempt to do so 
has been that of Brunt (1944, p. 129) who employed an analogy between radiative 
and diffusive transfer, similar to that introduced earlier by Eddington into 
astrophysical problems for very great optical depths. This is, however, not 
suitable for this particular problem. The problem will be re-examined using more 
acceptable approximations. 

Goody (1956) has given approximate equations for a grey-absorbing, stratified 
atmosphere. While the grey approximation is a poor one for the earth’s atmo- 
sphere it is valuable, on heuristic grounds, to examine the problem of the pro- 
pagation of a diurnal temperature wave in a grey absorbing atmosphere in order 
to discover the essential physical effects of this mode of heat transfer. 

Following classical treatments of atmospheric diffusion (Priestley 1959), it 
will be assumed that turbulent diffusion can be described by a simple conduction 
equation. Moreover, the turbulent conductivity will be treated as a constant 
throughout the region under consideration. It is not necessary to dwell upon the 
inadequacies of this assumption but, provided that they are not forgotten, they 
should not obscure the role of radiative transfer as a modifying influence, which 
is the question under consideration here. 
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The approximate equation governing the radiative flux in a horizontally 
stratified fluid is (Goody 1956), 


ciel = 4nQx atl 32F, (1) 
where F, = radiative heat flux, z = height, 
mQ = 4c0, o = Stefan’s constant, 
# = temperature, kK = volume absorption coefficient. 


It will be assumed that the range of 6 is sufficiently small for Q to be considered 


constant. At the lower boundary (z = 0) the boundary condition is 
dF, 
7 = —2kF., 2 
dz ‘ - 


The vertical turbulent heat flux is 


where /: is the turbulent ‘conductivity’. The solution to the problem 
F = F,+ - = const., (4) 


appropriate to a semi-infinite atmosphere whose lower boundary (z = 0) is 
a black body, can be written (Goody 1956) 


do Fj 1 -( 2x aa | (5) 
dz k\it+ty \l+x) 2+ [3(1+x)] I’ j 

where C= J/3xz, (6) 
4nQ) . 

x 3Kk° ") 


The non-dimensional quantities € and y are, respectively, a modified optical 
depth which takes some account of the diffuse nature of the radiation, and the 
ratio between Brunt’s radiative conductivity and the turbulent conductivity. 
Equation (5) shows that for x > 1 a temperature boundary layer can develop. 


2. Propagation of a harmonic thermal wave 


If the temperature is time-dependent, then in place of (4) we have 


oF 00 
—— = 5 
Oz ot (8) 


where s is the heat content of the fluid per cm* per degree. From (1), (3), (6) 
and (8), we find “32 20 4nQx290 3x2 | ¢ " 
0 pT Tn) <n (7) 4 0) 


Steady-state harmonic solutions of the type 


in 6, pivot p—(a+ihye (10) 
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will be sought. Transient solutions are not considered and only the time- 
dependent part of the solution is discussed. Solutions of (4) should be added for 
completeness, but oscillations about the time mean will be correctly described 
by (10). Only positive values of a will be allowed so that the amplitude of the 
wave will tend to zero at great optical distances from the lower boundary. This 
is the upper boundary condition. 
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Ficure 1. Attenuation and phase-lag coefficients for y > 1. 


Substituting 0/ct = iw in (9) we obtain 








if . e260 Ef oc 020 
—itz,,-l|9 =£=,,--=]- ——t 11 
[ea ]9= fe glee oes ~ 
4nQk 
where g= -_— (12) 
S8@ 
Substituting (10) into (11) with 
a#—b®=a, 2ab= Pp, 
we find, by equating real and imaginary parts, 
l-—a 
p=-> , (13) 
£4+2(1—2a) 
l—a\/, 1—2a\? , 
Ba( 1+ a aed =) = (1-2)(1-)). (14) 


Equation (14) has only two real roots, both positive, for which / is also posi- 
tive. Consequently, if a is always positive then b must also be positive. The wave 
is therefore propagated with a phase lag which increases linearly with height. 
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Since two real roots of (4) exist and since the boundary conditions are sufficient 
to determine the amplitudes of both solutions, we have the required solution to 
our problem. However, the roots of (14) are difficult to evaluate except when 
x > loryx < 1. Discussion will be restricted to these two cases, since they suffice 
to demonstrate the essential physical features of the problem. 


The case xy > 1 
One root of « lies between y and 1 +y while the other lies between 0 and 1. In 
these intervals the roots can be located by successive approximation. If sub- 
scripts 1 and 2 are used to designate the two solutions, there results to order 1/, 


aj = 4[ (1+ 1/82) +1) = 3 Wt) + 1D 
; ; (15) 
= XU +I, = 5g +8)-11 


These relations are shown graphically in figure 1. 


The case vy <1 
One root of « now lies between 1 and 1+ y and the other between 0 and y. To 
order y the two roots are given by 


@=-1, a= a, | 
5 6 
ge £2\-2 ¥ -— 
a G (Its) Bd 
ee “ 26 


3. Boundary conditions 
The boundary condition (2) is consistent with the approximation used to 
derive equation (1). Eliminating F, between (2) and (1) we have, at ¢ = 0, 


4nQ 20 2K. /30F, 


= L7 
3 0 02 2 a ai 
From (3), (4), (8) and (10) we have 
/3 ne » _—— = sw (18) 
2 a€ 2 of? 2 
°F. 030 =isw 00 
i —" = /3kx—.— <. 19 
und ae = kk at3 [3x at (19) 


Eliminating 0F,/¢¢ and 0?F,/0€? from (17), (18) and (19), we find, at ¢ = 0, 


r 


BfE020 £36 (06 00 
el all s~ta--E x51. (20) 
2 [xee? nor 6g 





This is the lower boundary condition for @. (10) can now be written 


= (p, + igy) et enrtiOe + (py + iqy) cio eaat iE, (21) 
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where d+, = 9,)\ 
and Pit po = 1. 
Substituting (21) into (20) and equating real and imaginary parts gives two 
further relationships, which completely determine the solution. There results 
P= R,(R,— R,) + L(t,—4) 

‘ (R,—R,)? + (1,— 1) ] 




















(23) 
RI, —- fk, 1, | 
1 = 9 ’ 
(R, —R,)? + (1,—-L)? 
+10 T T T SSS 
ae 
0-0 a Po es 
ie ~ a aie 
~N aan 
NL ra 92 
= 
gom eee 
~05 jcgel 4 eee 
—| 0 +] +2 +3 
login § 
FicurE 2. Amplitudes of the wave components for y >1. 
Pi P2 nN I 
—>0 1 —0-340E? 0-340E 0-464£ — 0-464£ 
—E>« 0-94¢-4 1—0-94£-3 0-94£-4 —0-94£-4 
TABLE 1. Amplitudes for y > 1 and for & large and small. 
where J,, J, and R,, R, are the two alternative values of 
3 fs / c \ ‘OL 2 
R=% = a+0(1—"p +a —1}, 
2X x “AX 
(24) 


ie dil , 
and I= (s+) (= 2-1) +20(2-1). | 
= x ix J 


Since we have already restricted our attention to very large and very small y, 
we will not determine the amplitudes for all values of the variable. For y < 1, 
the solution, to order y, is 
A=h=%2=9, pPe=l. (25) 
29 Fluid Mech. 9 
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For x > 1 p, and q, are functions of € only. The values of p,, p,, g, and q, are 
shown graphically for all values of & in figure 2. Table 1 gives algebraic forms for 
the limits § > 0 and > o. 


4. Discussion of the results 


For y < | radiative effects are unimportant, since the (p,, 7,) solution does not 
come into consideration and we have, from (16), 


a 2 Se (26) 


(26) is the solution for a non-radiating medium. The condition y < | is therefore 
a sufficient condition for neglecting radiative effects. 


+6 x 1 1 

E £,/2x 2£ai 2£b3 2a} 2203 

} 1-88 0-78 1-28 2-10 141-6 
4 1-67 0-62 1-62 1-19 21-22 
l/y 2 1-43 0-52 1-93 0-95 9-78 
1 1-21 0-41 2-42 0-83 4-82 
J2 0-74 0-32 3-13 0-78 2-90 
2 0-22 0-24 4-49 0-77 2-02 
4 — — — 0-83 1-36 
8 —- == — 0-90 1-15 
10 — _ = 0-91 1-11 
30 = — — 0-97 1-02 
100 — — — 1-00 1-01 


TABLE 2. Numerical values for some important functions of £, for y > 1. 
Blanks indicate that the quantity cannot be observed in practice. 


The situation is more interesting if y is large. Both solutions can be important 
and they have different phase lag and attenuation coefficients. For & < 2-8 
the amplitude [,/(p?+4q")] of the (p,,q,) solution exceeds that of the (p», qs) 
solution, while for § > 2-8 the position is reversed. Since the attenuation 
coefficients are not the same for the two solutions the relative amplitudes change 
with height. From figure 1, a, > a, if y > 1 for all £. Thus if the (p., g,) solution 
is the more important at one level it will be the more important for all higher 
levels. However, if the (p,,¢,) solution is more important at some level there is 
always a higher level at which it will be overtaken by the (p,,q.) solution and 
the character of the wave will then change. The changeover point (€,) will be 
determined by 

(p +93)! exp[—a,6,] = (p} +43) exp — a6]. (27) 
Since for y > 1, a, > ay, 
1 pit 


; 28 
V(2/x)@,  p3+45 _— 


(2x) he = 


The right-hand side of equation (28) is a function of only and some values 
are given in table 2. 
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The general solution for y > 1 does not lend itself readily to description. One 
course is to discuss the effective conductivities (k (phase) and k (amp)) based upon 
the gradient of phase (®) and the gradient of the logarithm of the amplitude 


(In |4}) d® c70) 
pe (29) 
dz of seiopaas 
d In |6| Sw , 
aioe - | sees (30) 


According to (26), for vy < 1 equations (29) and (30) will yield 
k (amp) = k (phase) = k 
in an atmosphere whose conductivity varies neither with time nor height. Under 
other circumstances (29) and (30) are formal operations, with no particular 
physical meaning, which are often used to describe observed temperature 
profiles (Best 1935; Priestley 1959). 
If either the (p,,q,) or the (p,, q,) solution dominates, then from (10), 
dn |6| dg 
—=-a 


de —o — dak, (31) 
dD de, : 
and de =< an ; (32) 


where a stands for a, or a, and b for 6, or b,. Thus, 





k(amp) sw _— xX , 
ik bath? 2a2é’ 7) 
k (phase) sw x 
SS pees: ee, 34 
kk ~ OB%kx® — BBE — 
Table 2 shows values of 
x x 1 1 
2éaz’ 2Eb2’ Faz’ §—- DED?” 
The Eddington approximation as used by Brunt (1944) gives 
k(amp) k(phase 
(OP). Ee) = (+1) (35) 


The results shown in table 2 demonstrate that for y > 1, (35) is correct in the 
limit + oo. 


5. Application to the atmosphere 
Two definitions of the mean absorption coefficient, discussed by Goody (1953), 


are fo 1dB 
1 Jo Kk, dO 


- am, 
}, ao” 


dB, 
}, a0” . 
oe [ea (37) 


——- dy 


dv 





(36) 


Kr 





and 





to 
? 
bo 
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v = frequency, 
Kr = Rosseland’s mean (Kourganoff 1952, p. 237), 


| 


Kp = Planck’s mean (slightly modified from the definition of Michard 1949). 


Contributions to kp come mainly from the strongly absorbing line centres, 
about which we have comparatively reliable information. Since the integral in 
equation (37) embraces each line completely, its value should not vary with the 


air pressure, since the integrated line absorption coefficient is independent of 


this parameter. Consideration of the data of Cowling (1950), interpreted with the 
help of the statistical model, and the data of Kaplan (1950) lead to 


Kp = (2034.0 + 87pco,) em, (38) 


where fy,o and poo, are densities of water vapour and carbon dioxide in gem~*. 


Pressure Peo, Pino x?) xi) 
(mb) (g em-3) (g em~-3) (em-!) (em!) 
1000 5x 10-7 7x 10-6 1:4 x 10-6 1-4 x 10-3 

100 5x 10-8 2x 10- 4x 10-12 4x 10-6 
10 5x 10-9 2x 10-1 4x 10-™ 4x 10-7 


(1) Assuming 2:6 x 10-4 parts of CO, by volume (Gluckauf 1944). 

(2) Assuming 2 x 10-® parts of H,O by volume at 100 and 10 mb (Murgatroyd, Gold- 
smith & Hollings 1955), and 10-2 parts by volume at 1000 mb. 

(3) H,O contribution only. 

(4) H,O and CO, contributions. 


TABLE 3. Mean absorption coefficients. 


The integral in equation (36) is dominated by the small absorption coefficients 
between major bands. For water vapour the main contribution will come from 
the 10 window. New values of the absorption coefficient in this region of the 
spectrum at atmospheric pressure have recently been measured (Roach & 
Goody 1958). The effect of the strong 15 band of carbon dioxide is to reduce 
slightly the effect of water valour by increasing x, over a narrow region. For 


water vapour alone p 
Kp = 0-2lp Jem 1 39 
R f H,O 1000, ( ) 


where p is the pressure in millibars. The linear pressure factor is assumed, since 
we are here concerned with contributions from the far wings of pressur: -broadened 
lines. 

We will limit our attention to ground level and, in order to have an idea of the 
magnitudes involved, we will take the harmonic mean of k;, and Kp, 


K = (KpKp) ~ 45x 10-cem-!, 
Best (1935) gives values for k/s computed from the amplitude and phase of the 


observed diurnal temperature wave near the ground which vary from 2 cm? sec~! 
near z = 10cm to 5000 cm?sec™ near z = 10cm. We may adopt 


k/s = 10? cem?sec"! 
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as characteristic of the region. In addition assume: 

é = 290°K, 

o = 5:74 x 10 erg cem~*sec™! °K-4, 


nmQ = 5-6 x 10% erg cm~* sec °K-!, 


— 


s = 1-36 x 10* erg em-3 °K—1, 


« (diurnal) = 7:3 x 10-5 see—?. 


With these values 


From Table 2, for € = 1 
CoV 2¥ = J (6x) Kz, = 1-21. 
Hence, z.= 1x 10% cm. 
Below this critical level, where the (p,,¢q,) solution will predominate, 


k (amp 
aap) = 4-1 x 10em?2sec"!, 


Ss 


k (phase 
(] ) = 2-42 x 102 em?sec™!. 
s 


Above 10m, the (p., q.) solution will predominate and 


k (amp 
7) .. 1 x 104em?sec—!, 
8 
k (phase = 
(phase) = 5:7 x 104cem?sec™!. 

s 


Brunt’s solution for this problem would be 


k (phase)/s = k(amp)/s = 1-2 x 104, 


6. Conclusions 

There is a superficial resemblance between the behaviour of the effective con- 
ductivity predicted from this simple theory and that observed in the earth’s 
atmosphere. k is expected to increase rapidly with height, and to differ according 
to whether it is computed from the amplitude or phase. Moreover, since the 
diffusion of momentum is not directly affected by radiative transfer, its effective 
coefficient will differ from that for heat. All these features are observed in the 
earth’s atmosphere and they are usually explained on a purely dynamical basis. 
This investigation does not invalidate such explanations, but it does indicate 
a possible alternative mechanism which may play some role. A satisfactory 
treatment should consider all modes of heat transfer more realistically than in 
this paper. The crude approximations used here may, however, not completely 
obscure the broad physical features of the problem. 

Deep in the interior of a star, away from boundaries or any other imposed 
discontinuities, the Eddington approximation may be justified. Very different 
conditions prevail in a planetary atmosphere, however, and the numerical results 
show clearly how unsatisfactory the approximation can be. 
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On longitudinal motion in a magnetic field 


By H. P. GREENSPAN 


Mathematics Department, Massachusetts Institute of Technology 
(Received 6 June 1960) 


An exact solution is presented of the equations and boundary conditions 
governing the steady longitudinal motion of a semi-infinite non-conducting plate 
in an oblique magnetic field. The discussion covers the distortion of the boundary 
layer, the structure of the induced electric and magnetic fields, the current- 
density distribution, and the behaviour of the fields near the edge of the plate. 


1. Introduction 

The steady longitudinal motion of an infinitely long cylinder in an unbounded 
viscous conducting fluid has recently been considered by Hasimoto (1960). 
(Longitudinal motion refers to motion parallel to the generators of the cylinder.) 
If the applied magnetic field is perpendicular to the axis of the cylinder, the 
fundamental magnetohydrodynamic equations are linear and more amenable 
to analysis. In particular, an interesting explicit solution was presented in the 
aforementioned paper, for the special case of a semi-infinite plate moving in a 
conducting fluid with a magnetic field directed perpendicular to the plate. 

In this paper, we consider a generalization of this problem in which a rigid 
non-conducting plate is moved with constant velocity in an obliquely incident 
uniform applied magnetic field. (Viscosity and electrical conductivity are 
assumed uniform and constant.) Although the motion which develops is no 
longer symmetrical with respect to the plane of the plate (the x-axis), it is still 
possible to solve the problem explicitly in terms of elementary known functions. 
Many interesting features such as the behaviour of the magnetic field near the 
edge of the plate and the structure of the boundary layer can then be studied in 
exact detail. 


2. Theory 

Consider the impulsive longitudinal motion of a semi-infinite flat plate in the 
configuration shown in figure 1. Initially, the induced electromotive force, 
q x H,, drives a current ‘into’ the plate, i.e. the component of current normal to 
the plate isnon-zero. Since the plate is anon-conductor, charge separation occurs. 
The plate acquiresa double-layer dipole-charge distribution and the fluid acquires 
a volume-charge density. As a consequence, the electric field which is thus 
created turns the current away from the boundary thereby reducing the normal 
component of the current at the plate to zero. Off the plate, however, electric 
currents can, and do, flow from one half-plane to the other. 

The disturbances produced in the flow at and near the plate are propagated 
along the magnetic field lines by Alfvén waves, diffusing, in the process, because 
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of viscosity and electrical conductivity. Since the Alfvén waves propagating 
along those field lines which intersect the plate, arise in the regions of greatest 
vorticity and current generation, the ‘steady’ configuration should show that 
the disturbance is concentrated predominantly in a skewed right half-plane. 
We expect then, that the line x = y cot « divides the plane into a region of intense 
disturbance and a region of relative quiescence. 

Furthermore, we expect that the disturbances appearing between the applied 
field lines Z, and L, (a distance d apart) are in some way proportional to the length 
of plate, d cosec «, which these lines intercept. 


é 
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FIGURE 1. Basic configuration. 


We can then infer that there is probably no steady solution in which the 
induced quantities are zero at infinity (— 2 —> 00), if the magnetic field is directed 
parallel to the plate, « = 0. In this case, the projected plate length is infinite, 
indicating that the disturbances contained between these field lines arise in the 
entire boundary layer and may then be of sufficient strength to produce non-zero 
perturbations everywhere at infinity. Although the argument is crude, we will 
verify this conclusion in a subsequent paragraph. 

The steady flow we refer to is that which would occur if no Alfvén waves 
reflect from the outer boundaries and return to the finite domain. If # is the 
distance to the outer boundary and ¢ is the time, the conceptual limit process is 
lim lim . This limiting procedure is of course non-uniform and it has been shown, 


t>o R->« 


Carrier & Greenspan (1959), that the reverse procedure (lim lim) may result ina 


R—>© t->0 
different steady-state solution. The effects of the reflected Alfvén waves can 
indeed be important. In any event, the ‘steady’ solution derived here will be 
valid in any finite domain after the passage of the initial wave train and before 
the return of their reflexions from the outer boundaries. 


The induced currents, in the problem under consideration, lie in the plane of 


the applied field and thereby constitute infinitely long solenoids of current. The 
induced magnetic field is then parallel to the edge of the plate and in particular 
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is zero on the plate. The fluid velocity is also in the direction of motion and all 
quantities are functions of the space co-ordinates x and y alone. As a consequence 
V.q = Oand the flow is incompressible. For simplicity, however, we will assume 
that the density is constant although the results are valid for a more general 
situation. 

The basic equations governing the flow are 


(q.V)q= —- : VP + (jx H)+rV?q, 
V.@= —” 
VxH=j =o0(E+yq~xH), 
V.H=VxE=0, 
V.E = .. 
Since H = H, cos ai, + Hysin wi, + h(x, y) is. 
q = o(z,y)t,, B.1,-j.1, = 4, 


these equations can be reduced to 
Vina. 
vv2v+— Ay(h,cosa+h, sina) = 0 
P 
_ 
and V*h + H,(v,cosa+v,sina) = 0. 
\o 


In terms of dimensionless yrimed uantities representing length, 
] q 5 oO 

= . , ‘ 7 lz . 

l= v(eB)-2V51U'; velocity, v = Viv’; magnetic field h = H,e*f-*h’; and electric 

field E = nv, H, E', wheree = nvoand £ = nH?/p V2, these equations become (upon 
U9 lI f , / [Hg /PV 6 | } 

dropping the primes ° : 

Pping I ) V*vr + (h,cosa+h,sina) = 0, (2.1) 

V*h+(v,cosa+v,sina) = 0. (2.2) 


The boundary conditions are 
h(x, 0) = 0,) 


x>0 
v(x, 0) = 1, J eiiaaiet: 


with lim ¢v(a,y)= lim h(x, y) = 0. 
r—>—« ro 
The first condition, h = 0 for x > 0, requires further explanation. 

Consider a plate of finite length 2/, and infinitesimal thickness, 2d, with the 
origin of the x,y co-ordinate system located at its centre as shown in figure 2. 
Since the plate is an insulator j.f = 0 = ch/¢s, on its surface, the contour C. 
(In the limit, as d becomes zero, this condition is {¢h(x, 0)}/ex = 0 for |x| < 1.) 
Therefore, the induced field has a constant value on (and inside) the plate. In 
order to determine this constant, another condition must be utilized and it is 
easily shown (Hasimoto, 1960) that a further requirement is 


° 


? 


ch 
— ds = 0 
Jc on 
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where C, is the external perimeter. (This constraint may be deduced in the follow- 
ing way. Since the electric field is irrotational, 


E.ds = 0. 
Te 


However, the tangential component of the electric field is continuous across the 
plate so that R 


E.ds = 0 


or in terms of the magnetic field 
i ae ‘ 
p VxH.d8— qx H.d8 = 0. 
Jc C 


The second integral is zero because the integrand is a constant on the contour 
C,. The first then reduces to the foregoing condition.) 
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FIGURE 2. The finite flat plate. 


In particular, as d > 0, this condition becomes 


el (oh ch 
| (- ne Jae = 0. 
J-1\2Y \o CY o- 


(The induced charge distributions on the upper and lower surfaces coalesce to 
form a dipole layer.) 

We must now prove that the solution (for 6 = 0) which satisfies the boundary 
condition A(x, 0) = 0 for |x| < l also satisfies this additional constraint. 

Let v(x, y) and h(x, y) be solutions of the basic equations (2.1) and (2.2) 
which vanish at infinity and assume the values v(x, 0) = 1, A(x, 0) = hy (an 


arbitrary constant) on the plate, |a| < J. It is easily verified that the functions 


w(x, y) = v(-—2, —y), 
g(x,y) = —h( —2x, -y) 
are also solutions of the fundamental equations which assume the values w = | 


and g = —h, on the plate. Using the principle of superposition, we obtain the 
solutions 


v(x, y) = $[v(z, y) + v(—2, —y)], 
$[h(x, y) —h(—x, —y)], 


Il 


h(x, y) 
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which have the properties 
v(x, y) = o(—2, —y), 
h(x, y) = —h(—2, —y), 
v(z,0) = 1, A(x,0)=0 for |2| <1. 


The function h, so defined satisfies the integral constraint and is zero on the plate. 
To prove this, we rewrite the integral condition as 


l 
[h(—2,0+)—h,(—2, 0O—)] dx = 0, 
) 


oi 

[h,(x, 0+ )—h,(x, 0—)]da+ 
0 ~ ( 
where the numerical subscript two denotes differentiation with respect to the 
second variable, i.e. h(x, y) = h, (x,y). From the definition of h(x, y), however, 


it follows that ho(x,0+) = hy( —a, 0—); 


h(z,0—) = h,(—2,0+). 


Substituting these values in the preceding equation reduces it to an identity 
proving the proposition. Therefore, the unique solution for which h = 0 on the 
plate also satisfies the addition integral condition. Since the semi-infinite plate 
is but an idealization of a long finite plate it is evident that h(x, 0) = 0 for x > 0 
is the correct boundary condition. 

Physically, this fact that the induced field is zero on the plate implies that 
there are no closed current paths containing the plate. It is known that this is the 
case when a = 37. The effect of the oblique field is to stretch and distort current 
lines as shown in figure (5). 

We can now proceed to solve the boundary-value problem, equations (2.1), 


(2.2) et seq. Let . 
@=vth 
fy — 
yy =v-h, 

. 24 Bons Kt - a6 
then V*h+9,cosa+¢,sin a = 0, (2.3) 
with e(r,0)=1 on x>0 and lim ¢=0; 

r—->— « 
2 — (ur. cos b a ie D) 
and V2 —(y,cosa+y, sina) = 0, (2.4) 
with Y(2,0)=1 on a2>0 and lim p=0. 
t—> x 


We now have two completely independent problems to solve. 

In the particular case « = 0, equation (2.3) is identical with that governing 
conduction of heat in a fluid flowing with unit negative velocity from x = +a 
past a semi-infinite plate with unit temperature extending between 0 < x < ©. 
It is evident that under these conditions the temperature in the entire fluid 
region is unity so that lim¢ # 0. The case a = 0 is then distinguished from all 

I7—>-—-2 
others, in that a solution of the foregoing boundary-value problem does not 
exist.* 

* The problem isstill equivalent, after a simple variable substitution, to that for heat trans- 
fer with a negative velocity field; however, the plate temperature is exp [—2x(1—cos a)/2] 
and the solution exists. 
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The solution of equations (2.1) and (2.2) is 


v=HG+W), h=HO-W). (2.5) 
where 
d = D(x,y)exp(—dysina), y= ¥(z,y)exp(sysin a), (2.6) 
‘Y = $[exp (4 |y| sin x) erfe (7 cos $a + € sin $a) 
+ exp (—4|y| sina) erfe (y cos $a—sin $x)], (2.7) 
® = 3[exp(4|y| sin a) erfe (y sin $a + € cos $a) 
+exp (—4]y| sin «) erfe (y sin $a —§ cos $)] (2.8) 
and (E+in)? =x+ily| = rexpid. (2.9) 
A method of deriving these formulas is presented in the Appendix. It is now 
easily verified that the solution does indeed degenerate for « = 0. 
From these formulas, it can be shown that the viscous skin friction is 


v,(x,0+)—v,(2,0—) = [v, 02 = —4sin a[G@(a4 sin 4x) + G(xt cos $a)] (2.10) 


and that the discontinuity in the tangential component of current density is 








[h, bt = } sin a[G(a4 sin $a) — G(x? cos $a)]. (2.11) 


Here G(x) = erfa+ exp (— 2). (2.12) 


1 
az 
Equation (2.11) shows that the tangential component of the electric field is | 
discontinuous across the plate. There must then be a double layer (dipole) dis- 
tribution, of strength 7, on this surface (see Stratton (1941), page 191) given by 


-Vr=E,-E_, 
dr . \ 
or re [Ay }o= (2.13) | 


The last equation can be integrated and the result is 


: F(atsinda) F(x cos tx 
T(x) = sina ( 547 ae ( or (2.14) 
si sin? $a cos*ha 
with F(x) = a2 erfa+a-hxexp (—2)?+ serfe. 


At large distances from the edge of the plate, the following formulas hold 
(x+ily| = rexpi); 
v~ 4(1+exp —|y| sina) | 


1 y P 
he on iy (l—exp —|y| sin 2) | 


v~h~texp[—4dyt+|y|)sina] («<0< 7-2), 
vu~h~0 (w7#-a <0 <7). 
It is seen that the line, x = y cot x, does indeed separate the plane into a region of 


intense disturbance, x > ycota, and a region of relative quiescence x < y cot a. 
Along this dividing line v~ h ~ } on 0=77-a, y < 0 and v ~ —h ~ } along 


4=a,y > 0. The situation is summarized in figure 3. 
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Figure 4 shows the lines of constant value of the induced magnetic field, which 
are also the current paths, for the angle « = 47. The behaviour of the field or 
current near the edge of the plate is interesting. The zero field line (kh = 0), which 







v~z[1+exp(—ysina)] 
h~ —+{l—exp (—ysina)] 





v~>(1 + exp (ysina)] 
i h~ +3[l —exp (ysina)] 


FIGURE 3. Asymptotic values of the magnetic field and fluid velocity at large 
distances from the edge of the plate. 








FiGuRE 4. The magnetic field (or current lines) induced by the longitudinal motion 
of an insulating plate in an oblique applied magnetic field. 


is the real axis for~ = 47, is here distorted into the upper half-plane. One branch 
of the line is, of course, still the plate; the other emanates from the plate a finite 
distance from the edge and then continues into the second quadrant. 
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The point on the plate, 2», at which this separation occurs is determined from 
the condition j = 0, and it is found that 
(23 sin 4) — G(x} cos 4a) = 2. 
The separation distance increases to infinity as a approaches zero. The quantities, 
V(x, 0+), h,(xz,0+), change sign from plus to minus as x becomes larger than 
2, In the vicinity of the edge, r < 1; 
h ~ m~}n (cos $a —sin 4a), 


vy ~ 1—1-4y(cos $a + sin $a). 


le 


In general, current from the lower half plane penetrates into the upper and 
returns to close the loop. The motion of a long finite plate will also show this 
behaviour at the edges and the probable current distribution is shown in figure 5. 





H, 


Ficure 5. The induced magnetic field or current lines for a long plate of finite length. 


Figure 6 illustrates the distortion of the boundary layer. The disturbance behind 
the dividing line is accentuated by the Alfvén waves propagating along the field 
lines intersecting the plate. 


3. Conclusions 

An exact solution has been presented herein, which describes the longitudinal 
motion of a semi-infinite non-conducting plate in an oblique magnetic field. 
It is found that the plate becomes electrically charged by acquiring a double- 
layer distribution. The induced electric field turns the current away from the 
plate thereby reducing the normal component of current to zero at the non- 


conducting surface. 

The disturbances are propagated into the fluid by Alfvén waves. These waves 
move along the magnetic field lines; consequently, the predominant effects are 
found in the half-plane in which the magnetic field lines intersect the plate 











Qa fS>.lUlc RO 


an 





om 


1an 


und 
shis 
ed. 


bh. 


ind 


eld 


nal 
ald. 
ple- 
the 
on- 


ves 
are 
ate 








On longitudinal motion in a magnetic field 463 


(the area of greatest disturbance). The fluid boundary layer is distorted and 
stretched along the field lines as is the induced magnetic field. Electric currents 
arising in the lower half-plane penetrate the upper half-plane. One branch of the 
curve of zero field strength is of course the plate; the other branch emanates 
from the plate a finite distance from the edge and continues into the second 
quadrant. 

The behaviour of the solution near the edge should be of use in any problem 
involving the motion of a body with sharp corners in an oblique field. 








FicurE 6. The velocity field produced by the longitudinal motion of a plate in an 
oblique applied magnetic field. 
Appendix 
The easiest way to solve equations (2.3) or (2.4) subject to the given boundary 
conditions is, of course, to guess the answer and then to verify it. A moredirect 
approach, requiring less ingenuity, is based on the Wiener—Hopf method. We 
will briefly sketch the manner in which equation (2.3) is solved; no new tech- 
niques are needed to determine the entire solution given in equations (2.7) and 
(2.8). 
Let ¢ = Mexp(—4ysina), then equation (2.3) becomes 
V?0+ 0, cosa—}@sin?a = 0 
with O(z,0)=1 and D®+>0 as 2x>—-©o. 
If we define the function 
f(x) = 9,(z,0+)—®,(x, 0—) 


and the Fourier transform of an arbitrary function G(x) by 


G(p) = [- G(x) exp ipa dz, 
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then it is found that 
eo 
5(p,y) = - 5 -F(p)exp—mly), 
where m = [(p+4icos a)? + }]}. 


Since f(x) = 0 for x < 0 and ®(z,0) = 1, x > 0, the usual arguments of the 


Wiener—Hopf method can be employed to determine f(p) from the last equation 
with y = 0. The result is 


F(p) = —2i(—4i(1 — cos a))*(p + 44(1 + cos a))} (p +18) 


with 6-> 0+. (An analysis similar to this is contained in Greenspan & Carrier 
(1959).) Therefore ; 
(x,y) = 5 (—}i(1—cosa))# I(x, 9), 

r* fexp(—ipx—m|y|)](p—4i(1— cos a))4 


p+ ? 


where [(x,y) = 
If we perform the following sequential operations we can evaluate this integral: 
(i) change the variable of integration to u = p+ 4icosa; 
(ii) assume x > 0, and deform the contour into the path Imu = 0; 
(iii) change the variable to u = }sinhA; 
(iv) deform the contour in the A plane into the path ImA = — 47; 
v) change the variable to € = A+ 4m; 
vi) change the variable to t = exp ¢; 
(vii) use the known result 


ine —_ dt vials ie f { . fe\i 
»y _ = = 2 ex +. ¢, ) 2 - 
| aa ; pt) Tra? € r(? 1p erfe ((ap) + 2 ). 


The result is 





I = —2z7i(—}i(1—cosa))-*[exp (—4 y| sina) +J], 
where 
J = texp (4|y| sina) erfe (€ cos 3a + 7 sin $x) 
+exp (—}|y| sin a) erfe (£ cos 3a —7 sin $a)] 


and (+i)? = x+i\y|. The remainder of the solution is completed in essentially 
the same way. 

It should be noted that several other problems involving unsteady motion 
on perfectly conducting plates are also soluble in this manner. 


This research was supported by the United States Air Force under Contract 
AF 49(638)-708, monitored by the Air Force Office of Scientific Research of the 
Air Research and Development Command. 
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Note on waves through gases at pressures small 
compared with the magnetic pressure, with 
applications to upper-atmosphere 
aerodynamics 


By M. J. LIGHTHILL 


Royal Aircraft Establishment, Farnborough, Hampshire 
(Received 9 May 1960) 


Most treatments of magnetohydrodynamic waves have confined physical inter- 
pretation to cases when the Alfvén velocity a, is small compared with the sound 
velocity a). Here we consider the ‘low-beta situation’, in which a, is much 
larger than a). Then, except for two modes with wave velocity a,, the only possible 
waves are longitudinal ones, propagated unidirectionally along lines of magnetic 
force with velocity a). These can be interpreted as sound waves, confined to 
effectively rigid magnetic tubes of force. Hall-current effects do not alter these 
conclusions (in contrast to the high-beta situation), and finite conductivity 
introduces only small dissipation. 

An application is made to the flow pattern around a body moving through the 
F, layer of the ionosphere, where, although neutral particles have a very large 
mean free path, charged particles interact electrostatically and, it is argued, may 
be regarded as forming a continuous fluid whose movement is independent of 
that of the neutral particles. A body moving at satellite speed or below would 
then excite the above-mentioned unidirectional sound waves, but no waves at 
much faster Alfvén velocity. These considerations suggest that its movement 
would be accompanied by a V-shaped pattern of electron density (figure 2), 
which might be in part responsible for some anomalous radar echoes that have 
been reported. 


1. Introduction 

Radar observation of satellites and other bodies moving through the F, layer 
of the ionosphere has sometimes, although not always, detected an extra- 
ordinarily large response (see, for example, Kraus, Higgy, Schees & Crone 1960). 
To investigate possible explanations of this, it is necessary to consider how dis- 
turbances, due either to the motion of the body or to such gas as it may be giving 
out (even though its propulsive motors have shut down), are propagated within 
the layer. 

Now, such customary aerodynamic concepts as the shock-wave pattern of 
a supersonic projectile, or ideas from free-molecule theory, need to be treated 
with caution in the upper ionosphere, because this is a region of conducting fluid 
in a magnetic field. The field, H, is typically 0-5G in middle magnetic latitudes, 
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say, where the angle of dip is around 60°. In this case the magnetic pressure 
H?/87 is 0-01 dyne/cm? (the electromagnetic stress system consisting, of course, 
of this isotropic magnetic pressure, together with a tension of double the amount 
along the magnetic lines of force). However, the gas pre.sure is 0-01 dyne/em? 
already at a height of 130km, and is much lower (of order 10~4dynes/cm?) in 
the F, layer (altitude around 300 km). 

We must ask therefore: how is the propagation of disturbances through a gas 
affected by the gas pressure p being small compared with the magnetic pressure 
H?/87? Note that plasma physicists call this a ‘iow-beta situation’, / being the 
ratio 87p/H?. Note also that the answer would be expected to involve not only 
the speed of sound a), which equals ,/(yp/p) with y between | and 2, but also the 
Alfvén magnetohydrodynamic wave velocity, a, = H/,/(47p). 

This represents, for an incompressible conducting fluid in a magnetic field, 
the speed of propagation of transverse waves along magnetic tubes of force, which 
carry an effective tension H?/47 per unit area. One can interpret the propagation 
velocity a, as the square root of the ratio of tension to mass per unit length, as 
for waves on a string. The assumption of incompressibility holds good when 
ay < Ay. 

However, when / = 87p/H? is very small, a, is actually much greater than ap. 
by a factor of order -}. Under these circumstances the physical interpretation 
of Alfvén waves needs to be reconsidered, and this is done in § 2. 

Another concept that needs to be reconsidered in the upper ionosphere (§ 3) 
is that of ‘mean free path’. Although the mean free path, in the sense of the dis- 
tance travelled by a neutral particle before it comes close enough to another 
particle (of any kind) to exchange momentum with it, is very large, of the order 
of kilometres, nevertheless, certain other lengths which have most of the essential 
properties of a mean free path are considerably smaller. 

First, a charged particle will exchange momentum with another charged 
particle even though their distance apart is a million molecular diameters. 
Actually, the effective mean free path for momentum exchange by charged 
particles is about 10-1(47')?/n,e4, where n, is the electron density and e the 
electronic charge in e.s.u. This quantity is about 400m in the F, layer. Further- 
more, the momentum exchange can be shown to take place almost continuously, 
by means of a large number of mostly very small exchanges spread out over this 
distance. The ions and electrons may therefore behave almost like a continuous 
fluid in relation to the motion of a large body, while the neutral particles behave 
like a free-molecule gas, and the two gases do not interact at all. 

Secondly, the charged particles do not pursue a straight path between en- 
counters, but rather spiral about the magnetic lines of force. The root-mean- 
square radius of the spiral for electrons of mass m, and charge —e is (k7'm,)} c/eH 
which is of the order of a centimetre. For ions of mass 16 x 1848m, and charge 
+e the said r.m.s. radius is of the order of a metre. Thus for charged particles, 
the movement at right angles to magnetic lines of force is greatly restricted. 
Motion along magnetic lines of force, on the other hand, will occur on the average 
to a distance equal to the ‘mean free path for charged particles’ before momen- 


tum in that direction is lost by encounters. 
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With this background, the character of the waves set up by a body moving 
through the F, layer is discussed in §4. The author takes this opportunity to 
thank Dr A. G. Touch, Mr B. Burgess, Dr R. L. F. Boyd, Dr R. N. Cox and 
Mr D. G. King-Hele for discussions of the problem. 


2. Magnetohydrodynamic waves for very small / 
The author has rather fully discussed the mathematicsof magnetohydrodynamic 
waves elsewhere (Lighthill 1960). Results from that paper will be quoted freely. 
We note first the results for a perfectly conducting, compressible fluid in a 
uniform magnetic field. Then, if we take the x-axis along the magnetic lines of 
force, the motion is conveniently described not in terms of the velocity com- 
ponents w, v, w, but in terms of u, 


ow 


Ow ov ov 
€= ~--~ and d= .-+—. (1) 
Cy Oz Cy Oz 


(Here we make a slight change from the cited paper, where T = du/éx, & and 
A = [+4 were used.) 

In fact, £, which is the vorticity component along magnetic lines of force, 
satisfies the simple wave equation 


representing straightforward one-dimensional propagation along magnetic lines 
of force at the Alfvén velocity a. 

The propagation of w and d is more complicated, but, as it turns out, more 
important for our purpose. The following plane-wave solutions are possible for 


small disturbances: 
“u= ue “x ~By-y2). 


E w? : r (3) 
ried 


(w? — a? x?) (w? — a2 x?) 
2 


(4) 


where P+y= 


(az + a2) w? —apara?® 


In the ‘high-beta situation’, a, < a», the wave-number surface (of revolution) 
defined by equation (4) is in three sheets as illustrated in figure 1. The nearly 
spherical sheet represents sound waves, propagated with velocity nearly a, in 
all directions. The nearly plane sheets represent Alfvén waves, propagated almost 
one-dimensionally along lines of magnetic force with velocity a,. This is true 
even of waves with large / and y, since the energy propagation velocity or group 
velocity is always in the direction of the normal to the wave-number surface. 
Equations (2) and (3) show that in sound waves, propagating with velocity dp, 
the vorticity must vanish; while in Alfvén waves £ and 4, representing the 
transverse fluid motions, are non-zero, and the longitudinal motion u is coupled 
to them by the fact that 0w/¢a +0 is practically zero (incompressibility). 

Turning now to the low-beta situation, with a) < a,, we observe first that the 


equation (4) of the wave-number surface is completely unaltered if a) and a, be 
30-2 
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interchanged. Thus, figure | still applies, but the radius of the nearly sphericai 
sheet is w/a,, and the distance of the nearly plane sheets from the origin is w/a). 
The first fact means that in low-beta situations waves can be propagated in all 
directions with nearly equal velocity a,. These waves carry mainly variations in 
the two-dimensional divergence 6; note that the vorticity € is also propagated 
with velocity a,, but solely one-dimensionally, along magnetic lines of force. The 
second fact shows that waves are also propagated one-dimensionally, along 
magnetic lines of force, with the sound velocity, dp. 


MBPs 7 





FicuRE 1. Shape of the wave-number surface given by equation (4) in the case when 
a,/a, = 0-1. The central ‘sphere’ is really slightly ovoid, with major axis w/a) and minor 
axis shorter by 0-5. The ‘plane’ sheets are at distance w/a, from the origin, and depart 
from exact planeness by 1°% of this distance. When a,/a) = 10 instead of 0-1 the wave- 
number surface still has this shape, but the major axis of the central ‘sphere’ is then w/a, 
and the ‘plane’ sheets are at distance w/a) from the origin. 


Now, in problems of propagation of the effect of missiles, the wave velocity 
a, turns out to be too great compared with the missile velocity for the waves 
propagated with velocity a, to be excited. Only the waves propagated with 
velocity a, are excited, and so it is of the greatest importance to determine their 
nature. 

We note, first, that the mathematical theory for a perfectly conducting, com- 
pressible fluid shows them to be longitudinal waves (carrying non-zero values of 
u, but with ¢ = 0, and also, owing to the factor «—w?/aza in (3), 6 practically 
zero), which propagate one-dimensionally along magnetic lines of force. The 
physical explanation of this result is that in low-beta situations, when magnetic 
forces greatly exceed pressure forces, magnetic lines of force are stretched to so 
high a tension as to be practically rigid to sound waves, which therefore can only 
propagate longitudinally along them, with magnetic tubes of force behaving 
like speaking tubes. 


This physical explanation helps us to see how far the same result will be true 
for a less special fluid. The effect of finite conductivity is unlikely to be great, 
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because the longitudinal motions induce no current. They do not, in fact, deform 
the magnetic lines of force at all. However, the mechanism for keeping the motion 
longitudinal involves some small currents, since any pressure gradient at right 
angles to magnetic lines of force (say, in the y-direction) will immediately relieve 
itself by generating a current in the z-direction, such that the ‘j x H’ force on 
the current balances the pressure gradient—the time required for generation of 
this current being small (of order /) in low-beta situations, compared with that 
for passage of a wave at velocity a). Joule heating by these currents would have 
some dissipative effect, but they are weak when H is large relative to grad p. 

Also, Hall effect should be negligible, which is in very striking contrast to the 
high-beta situation (Lighthill 1960) and is of importance in the ionosphere, where 
the usual condition B > 10-*n,7-? for Hall effect to exceed Ohm effect in im- 
portance is satisfied with a factor of 10¢ to spare. The reason is that Hall effect 
is equivalent to an addition to the electric field of a term proportional to j x H/n, 
and therefore to (grad p)/n,, so that its contribution to 0H/ot via curl E is zero, 
at least if the electron density n, varies in direct functional relationship to the 
pressure. 


3. Applicability of the theory to the upper ionosphere 


We consider next whether the upper ionosphere is in fact dense enough to be 
treated as a fluid at all. The mean free path for neutral atoms and molecules is 
of the order of 10-*/p in c.g.s. units, and at densities of 10—!5 g/em (corresponding 
to 250km altitude) is already 1 km. However, the mean free path is smaller for 
charged particles, for in propagation problems of the kind we are considering 
it is defined in relation to momentum, as the average distance travelled by a 
particle before its momentum component in the direction of its existing momen- 
tum falls to zero. This does not, in the case of charged particles, require any 
collision to take place. 

In fact, the kinetic theory of ionized gases shows that the mean free path of 
both ions and electrons in this sense (Ferraro 1933; Spitzer 1956) is 


(KI)? 


An,e*’ 


where A is a factor which depends logarithmically on a number of variables, but 
in practice is about 10. With n, = 10*%electrons/em*, corresponding to 300km 
altitude, where the mean free path of neutral particles (number density about 
3x 10°) is 3km, and 7’ = 1100°K, the mean free path of charged particles is 
about 400m. 

Furthermore, the factor A is logarithmic (Spitzer 1956) because the rate of 
loss of directed momentum is obtained by considering encounters at different 
separations, and integrating up the associated loss rate, which varies as the 
inverse power of the separation, the limit of integration with respect to the 
separation being the ‘cut-off’ value given by the Debye length 


(kT /47n,e2) = 0-07 em. 
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Accordingly, a large contribution to the total rate of loss of directed momentum 
comes from the separation ranges 10-4 to 10-*cm, 10-3 to 10-*cem and 10-? to 
10-1cm, encounters within which occur on the average every time the particle 
travels 30, 0-3 and 0-003 cm, respectively. Thus, large parts of the momentum 
transfer occur in a manner which can be regarded as continuous for phenomena 
with a length scale of the order of metres. 

It is also to be noted that particles do not traverse their mean free path in 
anything like a straight line. Their movement at right angles to magnetic lines 
of force is constrained to tight spirals of root-mean-square radius (k7'm)} c/eH, 
where m is the mass. For 7’ = 1100°K this is 1-5cem for electrons and 2-6m 
for O* ions. 

We see, then, that for disturbances whose length scale exceeds 1m, but is 
small compared with 3 km, the charged particles may behave as if they made up 
by themselves a continuous fluid, whereas the uncharged particles exhibit a 
completely independent, free-molecule behaviour. 

The density of the ion-electron gas, corresponding to n, = 10®&cm-%, is 
p = 3x 10-!" g/cm’, and the appropriate Alfvén velocity a, = H/,/(47p) is there- 
fore about 300 km/sec, compared with a sound speed of about 1 km/sec. Accord- 
ingly, bodies at the satellite speed of 8km/sec, or less, can excite sound waves 
but not Alfvén waves.* At the same time, owing to the substantial mean free 
path A = 4x 104cem, the sound waves that are produced will be diffused as if 
by a large kinematic viscosity v = §a,A. 

Accordingly, the problem reduces to that of the propagation of large-amplitude 
one-dimensional acoustic disturbances through a highly viscous gas. This 
problem is one which happens to have been treated at length by the author (1960), 
and this work will be used in § 4 to indicate how the disturbance will spread. 

We note finally that, although the estimate of A contains serious uncertainties, 
the conclusions do not depend strongly on it. Because loss of a particle’s momen- 
tum occurs in small bits, as a result of a large number of encounters of rather long 
range, a somewhat larger A would mean, not the breakdown of behaviour as a 
continuous fluid, but simply a larger effective viscosity, which as we shall see 
does not substantially alter the conclusions. 


4. Wave pattern of a moving body 


We saw in § 2 that bodies may be expected to excite longitudinal waves along 
magnetic lines of force. The waves are propagated, according to continuous- 
fluid theory, as sound waves, and confined within magnetic tubes of force by 
small currents, the forces on which in the presence of the magnetic field balance 
the lateral pressure gradients. From the molecular point of view, the wave is 
propagated by electrostatic forces between charged particles when they come 


* The waves propagating 0 are absent because, for the characteristic frequency V/l of 
a body of velocity V and length /, their wavelength is a,1//V, which is very large compared 
with the size 1 of the source. (In the language of Lighthill 1960, §7, F is small in the relevant 
range of wave-number.) The waves propagating € are probably absent, notably because 
the body will not generate vorticity, at least if one can represent it by a distribution of 
sources in the usual way. 
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close together, and remains one-dimensional because all the charged particles 
are spiralling tightly about magnetic lines of force, shifting the axes of their 
spirals only slightly at any encounter. 

The value of the sound speed is uncertain, but we take it to be 1200 m/sec, 
corresponding to a gas consisting equally ofelectrons and O* ions at atemperature 
of 1100 °K, and with an effective y of $, owing to the ion y being # and the 
electrons behaving isothermally (y = 1) because their r.m.s. velocity is 170 times 
as great. 

Another uncertainty is in the type of pulse sent out by the motion of the body. 
At ordinary altitudes this is an ‘N-wave’, the compression sent out by the front 
of the missile being followed by a rarefaction from where it closes up at the rear. 
It is likely, however, that out-gassing will produce a wake with above-ambient 
density—which, indeed, might ‘balloon out’ to form a disturbance much fatter 
than the body itself—and therefore a pure compression pulse can be regarded 
as probable. 

In this case, the author (Lighthill 1956, § 10.2) has shown that the progress of 
the pulse depends on a so-called Reynolds number R#, defined as the integral 
over the length of the pulse of a certain velocity characteristic of the magnitude 
of the disturbance, divided by a diffusivity somewhat greater than the kinematic 
viscosity v. To a sufficient approximation we may take F& as equal to 


(missile velocity) x (missile length) (6) 
(sound velocity) x (mean free path) ’ 

It is of order 1 in the present application, which signifies roughly equal import- 
ance for waveform-steepening and waveform-diffusing effects; for the lower 
missile velocities R is less than 1, so that diffusion is more important. As time 
goes on, the Reynolds number of a one-dimensionally propagated pulse remains 
unchanged, the length increasing asymptotically like t} while the amplitude 
decreases like ¢-}. The shape is asymptotically triangular (thin shock wave 
followed by a linear density decrease) for R > 1, Gaussian for R < 1 and inter- 
mediate between these two for FR of order 1. 

These considerations enable us to sketch the wave pattern of bodies moving at 
velocities 1-5 and 7-5 km/sec in figure 2. The magnetic lines of force are taken to 
be at 30° to the flight path, and the speed of propagation of waves along them is 
0-8 and 0-16 times the missile speed in the two cases. The pulses carry substan- 
tial local increases in electron density, which could cause reflexion of a sub- 
stantial band of radio waves—with frequencies between the critical frequency 
within the pulse and that in the undisturbed F, layer. 

The one-dimensional character of the propagation is an essential feature of 
the above discussion. With cylindrical or spherical pulses an N-wave necessarily 
forms, the Reynolds number progressively decreases, and after it has fallen 
below 1 the whole wave decays exponentially. 

The present theory yields a rather substantial area of increased electron 
density viewed head-on as in figure 2, that is to say, viewed at right angles both 
to the flight path and the magnetic lines of force. However, the thickness of this 
area (at right angles to the paper in figure 2) is rather small—comparable with 
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the body dimensions, except in so far as these may be effectively increased by 
ballooning of the wake—owing to the strong restrictions on movement of 
electrons and ions perpendicular to magnetic lines of force, so that possible 
echoing area in other directions is accordingly reduced. 


; V=15 km/sec _ 






_ Magnetic lines 
of force 


”= 75 km/sec 








km/sec 


sj 
wa 


’= 15 km/sec 


FIGURE 2. Possible compression waves due to a body moving at velocity V equal to 
(i) 1-5 km/see, (ii) 7-5 km/sec. The broken lines show where the disturbance would reach to 
if it were propagated along the magnetic lines of force without any spreading at a velocity 
of 1-2 km/sec, and the plain curves show how it might spread due to waveform steepening 
and diffusion. 


The above general considerations on the nature of the disturbances that may 
arise are put forward in the hope of stimulating further discussions and observa- 
tions that may lead to clearer understanding of the phenomena. 
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Stokes flow of a conducting fluid past an axially symmetric 
body in the presence of a uniform magnetic field 


By I-DEE CHANG 


Guggenheim Aeronautical Laboratory, California Institute of Technology 
(Received 15 July 1960) 


Low Reynolds number flow of an incompressible fluid past an axially symmetric 
body in the presence of a uniform magnetic field is studied using a perturbation 
method. It is found that for small Hartmann number M an approximate drag 
formula is given by 


, 


D 
'= Dili oy M), 
” Da i rota lak ai 


where D, is the Stokes drag for flow with no magnetic effect. 


1. Introduction 

In 1957, Chester studied low Reynolds number flow of an incompressible 
conducting fluid past a sphere in a magnetic field which is uniform at infinity. He 
showed that when the magnetic Reynolds number &,, is small the magnetic field 
is essentially independent of the fluid motion. For the case where the solid and the 
fluid have nearly the same permeability, a uniform magnetic field will result, i.e. 
H’ = H,i = magnetic field at infinity. It follows further from the symmetry that 
there is no electric field, since for all such flows the electric currents form closed 
circuits. The governing equations and the boundary conditions for the problem 


become div v = 0, (1a) 
—Vp+V2v—M*{[v —(v.i)i] = 90, (1b) 

v>i as roo (Pr =2*+y*+2?), (2a) 

Vv = Oat the body. (25) 


In the above, all quantities are non-dimensional ; 


U = free-stream velocity; 


a = characteristic length of body; 
v’ a(p' —p. 2 
v= 79 P= "7 Poo) a -, etc 
L pvU a 
Ua 
Re = — = Reynolds number; 
Vv 
R,, = Uauo = magnetic Reynolds number; 
a \ 
M = pH,a|—) = Hartmann number; 
pv 


i = unit vector in the x-direction. 


Other symbols have the usual meanings in electro- and hydrodynamics. Primed 
quantities are in physical units (cf. Chester 1957). 
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In this note we consider the more general problem of flow past an axially 
symmetric body. Assuming that the Hartmann number J is small, we shall show 
that the drag on the body is given by the formula 


as Ds mu) +0(M2). (3) 


D= ; 
pul a l67 


- ars 


D,, = Dj /pvUa is the (non-dimensional) drag on the body in Stokes flow without 
magnetic effect and is known by existing formulas, such as those given by Payne 
& Pell (1960). To the order of approximation O(./), D, also appears as a parameter 
characterizing the body shape. 


2. The perturbation method 
Following the usual procedure, one considers the following expansions of the 
exact solutions of (1): 
Vv = hz, y,z) + Mh (a, y, z) + MPAh (x, y,z)+..., (4a) 
p = p(x, y,z) + Mp(x, y, z) + M*p (x, y,z)+.... (4b) 


By insertion of the above expansions into equation (1) one obtains the following 


equations: O(1); = divh® = 0, (5a) 
—Vp+V*h® = 0; (5b) 

O(M); divh® = 0, (6a) 

—Vp)+V2h® = 0; (6b) 

O(M?); divh® = 0, (7a) 

—Vp®+V*h® = h© — (h i)i, (75) 


etc. Equations (5) and (6) are identical to the Stokes equations. This indicates 
that at a finite distance from the body, i.e., r = O(1), in the limit M —> 0, the 
flow field is essentially governed by Stokes’s equations. However, it can be shown 
that at great distances from the body (i.e. r = O(.M~-*), 0 < a < 1) the above 
expansions given by (4) are not uniform approximations of the exact solutions; by 
not being uniform approximations we mean that the difference between the 
expansions and the exact solutions for a given value of M becomes arbitrarily 
large as roo. A uniformly valid approximation of the exact solution in the 
neighbourhood of r = © is given by a second type of expansion using different 
variables (outer expansions). The expansions defined by (4), which are uniformly 
valid in the neighbourhood of the body, are referred to as the inner expansions. 
The outer expansions are defined by 


v =i+ Mg (a, 7,2) + M7*8(%, 7, Z)+..., (8a) 
p = M2p#, 7,2) + M3p2(%, 9,2) +... (8b) 
and the independent variables are now (outer variables) 


$=Mz, g=My, == Mz, (9) 


The above expansions given by (8) may be formally obtained from the exact 
solutions by the limit process .M—>0 with fixed (%, 7,2) and are expected to be 
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uniformly valid for allr = O(.M~-). Insertion of the expansions into (1) leads to the 


equations a) 69-0 (i =1,2,...), (10a) 
—~ Vp + Vg — [g — (gi) i] = 0. (105) 


The equations that determine each individual term of the outer expansions (8) 
are thus identical to the exact equations (1); however, we shall see below that the 
boundary conditions for these equations are simpler than those for equations (1). 

There remains the problem of determining the proper boundary conditions for 
the individual terms of the inner and the outer expansions. Since the inner 
expansions are not valid at infinity, boundary condition (2a) does not in general 
hold for the inner expansions. For a similar reason, boundary condition (2) in 
general does not hold for the outer expansions. These boundary conditions are 
replaced by the matching conditions, which have the requirements that the inne: 
and the outer expansions should agree term for term for some intermediate orders 
of r, namely r = O(M-*), where 0 < a < 1, for which the inner and the outer 
expansions are both valid. The use of the matching conditions will become clear 
from the way in which the solutions are determined (cf. Lagerstrom & Cole 1955; 
Proudman & Pearson 1957; Lagerstrom). 


3. The first-order inner solutions 
The first term in the outer expansion (8a) is the free-stream velocity v = i. 
This term may be understood by the following reasoning. Assume the solid is a 
sphere of radius a. Then the boundary of the solid is given in outer variables by 
7 = M and in the limit M@ — 0 the body shrinks to a point. A point cannot cause a 
finite disturbance in the fluid, hence the value of v will tend to the free-stream 
velocity i. 
Let us consider the first-order inner solution h® and p., For the inner solutions, 
the no-slip boundary conditions are valid: 
h® = 0 at the body. (11) 
By the matching conditions, h® must agree for large values of r with the leading 
term of the outer expansion, and hence 
h®--i as r>o. (12) 
Equations (5), (11) and (12) show that the solutions of h® and p® are simply the 
solutions of the non-magnetic Stokes problems. 
For a sphere, such solutions are 
h® = i-3A,+}A,, 


i x 01 
where A,=--V-, A,=V--, 
r 2Qr = Cxr 
1 3x 
anc p= —-—.. 
- 2r3 


The drag on the sphere, in physical units, is 
Dy = 6mpvUa. 
Explicit solutions are also available for bodies of many other shapes (Oseen 
1927; Payne & Pell 1960). It can be shown in general that for large values of r the 
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asymptotic expressions of the Stokes solutions for axially symmetric bodies of 


any shape are given by 


Do 7 1 
ho —i- (; -vz)+0(5). (13a) 
Dw ] 
yp = - 7 +0(5) (136) 


(Odqvist 1930; Payne & Pell 1960). If one defines r, = M*r, where 0 < a < 1, 
and rewrites (13) in this variable, the following results are obtained: 


h(x,,7,; M) =i- _ (--v.5 =) M+ O(N), (14a) 
pty rai M) = — 20s M+ OC), (140) 


Equations (14) imply that, when r is of an intermediate order O( M~*),0 < a < 1, 
in comparison with that used in the inner (« = 0) and outer (« = 1) limits, the 
leading terms of the expansion of h® and p® are the terms displayed in (13). The 
first-order solutions of the outer expansions, §® and #” must therefore agree with 
the inner solutions in these terms. 


4. The first-order outer solutions 

The solutions of g” and j” are determined from equations (10) with the 
boundary condition ¢ — 0 as 7 > oo and the matching condition stated at the 
end of §3. Such solutions are given by 


a =D,G, p= DP. (15a, b) 

where G= -al70 4? cosh —— . e~}? sinh |. (16a) 
C L G4 alana 

P= ma 5 ia ae |. (165) 


When (16) are rewritten in the variable r, and expanded in powers of M, there are 
obtained the results 


L fa x i 
d G=- —_ = Di hee J yi 2-4 7 
I e "5 v, 52) e+ M+O(M?-*), (17a) 
2p Uy 2a 2 17 
MAP = — 78, M+ OU"), (175) 


By comparing these results with (14), one sees that the inner and the outer 
expansions are matched to the order O(M?). 


5. The drag on the body 


The leading term in the outer expansion of v which is not matched by the inner 
expansion is now of order O(.M). From (17a) it follows that the second-order inner 
solution h®, which satisfies the Stokes equations (65), should satisfy the boundary 
conditions h® = 0 at the body and the condition h® > D,i/167 as r > oo. Such 


a solution is easily seen to be D 
h® — —° po, (18a) 
167 
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The corresponding pressure is 


D 
fe 188 
P l6n? on) 


To the order O(M) the inner solution of the velocity field is then 


D 
v¥ails— u) h® + O(M?2), (19) 
167 
Drag Drag 
Body (non-magnetic) (magnetic) 
P : ‘ . oY | 1-095 
Hemispherical cup (radius a) 17-525pval 17-525pval (1+ -M 
7 
; . ’ , ; 1 
Flat dise (radius a) 16pval l6pval (1+ M 
7 
Sphere (radius a) 62pvaU 6m7pvaU (1+ 3M) 
Prolate spheroid* 8ndpvaU 8rdpvaU (1+ 46M) 
Oblate spheroid* 8mfpvaU 87fpvaU (1+ 432M) 


* 


6 and f# are constants related to the geometry of the spheroid (Payne & Pell 1960). 


TABLE | 


which shows that the effect of the magnetic field on the inner Stokes flow is an 
Po M) There is 
167 
a corresponding amount of increase in the drag on the body, as can be easily 
verified by simple argument. The drag on the body is then given by formula (3). 
In Table 1 we list a few cases for which the non-magnetic Stokes drag formulas 
are given by Payne & Pell (1960). 


apparent increase of the free-stream velocity in the ratio 1: (: + 
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REVIEWS 


Units, Dimensions, and Dimensionless Numbers. By D.C. Ipsen. New 
York: McGraw-Hill Book Co., 1960. 236 pp. 50s. 6d. 

The techniques of dimensional analysis have played an important part in the 
development of fluid mechanics, and, together with the underlying ideas of unit 
and dimension, are of basic importance in all branches of physics and engineer- 
ing science. Many of these subjects grew experimentally, some in isolation, and 
this led to an overlapping of units. Also the degree of arbitrariness in the choice 
of dimensions was often overlooked. And so, in spite of the powerful use of 
dimensional arguments during last century, notably by Rayleigh, a good deal 
of confusion remained and indeed some survives. 

Today, many researchers in fluid dynamics are likely to have absorbed their 
ideas on dimensions by the way and to be interested primarily in applications; 
probably only few of those who know of Bridgman’s Dimensional Analysis have 
actually read it. Students commonly learn about units and dimensional theory 
in a piecemeal manner, and often have unnecessary difficulty in first handling 
the ideas; some, bemused by the variety of systems, learn to protect themselves 
by writing ‘c.g.s. units’ at the end of every line. Dr Ipsen has written a 
thorough account of the subject, which he claims will serve both these groups. 
He has chosen to give a direct exposition of the normal usage of the subject, and 
he has obviously taken considerable trouble to produce a clear, readable and 
consistent development of dimensional theory. Starting from the simplest ideas 
of counting, with the traditional oranges and pies, he goes on to consider the 
character of physical variables, physical relationships, and finally similitude and 
the uses of dimensionless variables. Carefully selected problems are set at the 
end of each chapter; admittedly their effectiveness depends on the enthusiasm 
of the reader, but where he considers a problem specially important he gives 
a fully worked solution. Moreover, a feature of the book for readers of this 
Journal is that it is written essentially in terms of fluid dynamics, with just 
enough electromagnetism for current needs. 

It is doubtful whether a single book could satisfy fully the needs of both 
researcher and student, and the fact that he limits himself on the whole to what 
he considers the prevailing point of view and uses only such mathematics as is 
strictly necessary for his argument suggests that he has in mind primarily the 
needs of a good engineering or physics student. The result has been to produce 
a smoothly and in the main well-written book, although he uses some collo- 
quialisms without purpose and there are some rather odd patches near the 
start ; the book is also well produced and has few misprints, though vectors pass 
unsung, presumably by an oversight. While this approach may benefit the 
student by avoiding the legacy of confusion in the subject, it has the real dis- 
advantage of ignoring most of the classic arguments, successes and mistakes of 
the past, and indeed there are no references of any kind. This is surely a pity, 
for although it may be unkind to dwell on other people’s mistakes, this is a case 
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where mistaken ideas from the literature can be very revealing and worth a 
great deal of formal discussion of the pitfalls. Besides, there is a considerable 
amount of literature on this subject, and there still exist conflicts of viewpoint 
which some readers will wish to consider. It should in fairness be pointed out 
that Dr Ipsen does refer to conflicting viewpoints in his preface, but dismisses 
them as outside the field of his book, and also that he incorporates some applica- 
tions from the literature into his examples. 

The material of the book falls naturally into two parts, the first of which deals 
with the units and dimensions of physical quantities, and the second with their 
significance in physical relationships. Physical variables are introduced as 
physical concepts described mathematically and classified as substantial or 
natural, and a careful a is given of the physical and mathematical 
character of units. The author takes some pains to bring out the degree to which 
the division into fundamental and derived units is arbitrary and a matter of 
convention. He uses numerical equations to introduce the idea of physical 
equations, and first brings in dimensions as generalized units. Statements such 
as ‘At this point it is not possible to reveal the full significance of dimensions’ 
contain too much of the mysterious, but are not too frequent. Conversion is 
described clearly and briefly. The problems cover a wide range of subject and 
should be useful to the student; the few worked solutions are valuable, but it 
would be an improvement if answers were to be given to at least some of the 
other problems and if a table of conversion factors and one of the dimensions 
of physical variables were to be included. It would also help if there were more 
illustrations of the misuse of the methods, taken where possible from the 
literature. This part of the book is completed by chapters on the units and 
dimensions of mechanics, thermodynamics and heat transfer, and electricity ; 
these are clear and reasonably wide-ranging although in places it would help if 
the reasons were to be given for particular choices (e.g. why should three funda- 
mental units be the particular convention in mechanics?) and systems (e.g. what 
is the point of introducing the m.k.s. system ?). 

In the remaining parts of the book Dr Ipsen deals first with the proper (and 
improper) formulation of fundamental laws, including a discussion of Newton’s 
law of motion, and he extends the ideas of dimensional consistency in physical 
relations to finding the possible forms which experimental relationships may 
take. This leads on to a careful study of similitude (or similarity) based on the 
differential equations which represent the behaviour of the system under con- 
sideration, which he develops in terms of the two-dimensional flow past a 
circular cylinder. (In this he illustrates nicely the decisions that must be made 
on which of the possible dimensionless (i.e. natural) variables are significant in 
any particular case.) Provided that dimensional analysis is applied systemati- 
cally, he shows that the more formal approaches as of Buckingham’s Pi theorem 
are not needed in practice. This is certainly true within the framework of this 
book, although it does not diminish the interest of the formal theory, and it may 
be observed that he has shown the forms of equation arising from dimensional 
analysis as plausible but not necessary. Finally he gives a brief and interesting 
discussion of each of the dimensionless variables that may arise in problems of 
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fluid dynamics, in each case commenting on physical significance. It is surprising 
that the parameters of magnetohydrodynamics are omitted here, as he includes 
the Knudsen number for rarefied flows, for example; it is also a pity that 
in discussing heat transfer he uses the Grashof number rather than the more 
significant Rayleigh number (which is symmetrical in thermal and viscous 
diffusivity) and that he does not identify the Richardson number which is in 
fact widely used for the characterization of stratified turbulent flows, especially 
as both Rayleigh and Richardson numbers arise naturally from his analysis. 
These may be small points, but they are important in a book that may be 
widely used. He also considers the effect of relaxing the requirement of geo- 
metrical similarity. 

This is basically a well-written account of dimensional theory which will 
provide a useful introduction for students, and they will certainly benefit from 
reading it. The picture it draws is a little too neat and isolated from the large 
body of literature on the subject to be final, and it is to be hoped that many 
readers will want to go further. In Focken’s Dimensional Methods, to take a 
modern example, they will find a more extensive investigation and one which 
because of its wider range of subject may excite the imagination more success- 
fully, but they will certainly not find so clearly written a book. 


B. R. Morton 
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